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Non-Walker Self-Dual Neutral Einstein 
Four-Manifolds of Petrov Type III 



By Andrzej Derdzinski 



1. Introduction 
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O ' ABSTRACT. The local structure of the manifolds named in the title is described. Although curvature 

homogeneous, they are not, in general, locally homogeneous. Not all of them are Ricci-fiat, which 
' answers an existence question about type III Jordan-Osserman metrics, raised by Diaz-Ramos, 

Garcia-Rw and Vazquez-Lorenzo (2006). 

o 
q 

1^ ' The main result of this paper, Theorem 22.1, describes the local structure of all non-Walker self- 

^ • dual oriented Einstein four-manifolds (M, g) of the neutral metric signature h + which 

are of Petrov type III, in the sense that so is the self-dual Weyl tensor at every point of M. 
Such {M,g), also referred to as the non-Walker, type III four- dimensional Jordan-Osserman 
CN ■ manifolds [7, Remark 2.1], are known to be curvature homogeneous, cf. Remark 5.3. 

1^ ■ According to Theorem 22.1, all {M,g) with the stated properties are, locally, parametrized 

lO . by arbitrary solutions to equations (18.4), which, by Remark 18.4, are equivalent to the system 

(18.8) of four first-order quasi-linear partial differential equations imposed on eight unknown 
real- valued functions of two real variables. 
■ A description of all solutions to (18.4) is given in Section 25. It applies, however, only to 

^0 , the dense open subset of IR^ formed by points which are in general position, in the sense that, 

on some neighborhood of the point in question, each of several specific vector- valued functions 
associated with the solution is either identically zero, or nonzero everywhere. 
^ . The precise meaning of the adjective 'non-Walker' used above is that the metrics g are 

assumed to represent the strictly non-Walker case, in which a certain natural 1-form /3 is 
nonzero everywhere. By contrast, the Walker case, defined in Section 6 by requiring (3 to 
vanish identically, is equivalent to the existence of a two-dimensional null parallel distribution 
compatible with the orientation. In the Walker case, Diaz-Ramos, Garcia-Rio and Vazquez- 
Lorenzo have already found a canonical coordinate form of such metrics [7, Theorem 3.1(ii.3)]. 
For a coordinate-free version of their result, see [5, Theorem 13.1]. 

The Walker case implies Ricci-flatness of {M,g), which is why Di'az-Ramos, Garcia-Rio and 
Vazquez- Lorenzo asked in [7, Remark 3.5] whether a type III self-dual neutral Einstein four- 
manifold can have nonzero scalar curvature. Theorem 22.2 of this paper shows, by means 
of explicit examples, that the answer is 'yes' while, at the same time, there also exist Ricci- 
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flat strictly non-Walker self-dual neutral four-manifolds, and, whether Ricci-flat or not, such 
manifolds need not, in general, be locally homogeneous. 

Besides [7], a few other papers contain results in this direction. Blazic, Bokan and Rakic 
[1] found a characterization of type III self-dual neutral Einstein four-manifolds in terms of a 
system of first-order differential equations imposed on the Lcvi-Civita connection forms in a 
suitable local trivialization of the tangent bundle. Brans [2] described all Lorentzian Einstein 
metrics of Petrov type III in dimension four. Curvature -homogeneous Einstein four-mani- 
folds of any metric signature, with a curvature operator that is complex-diagonalizable, are 
known to be locally homogeneous, and have been fully classified [4]. In particular, curvature - 
homogeneous four-dimensional Riemannian Einstein manifolds, which obviously satisfy the 
diagonalizability condition, are all locally symmetric [8, p. 476, Corollary 7.2]. 

For more on Osserman metrics and curvature -homogeneity, see [9], [10] and [3]. 

I wish to thank Eduardo Garcfa-Rfo for his hospitality during my visit to the University of 
Santiago de Compostela in April 2007, for bringing to my attention the question raised in [7, 
Remark 3.5], and for sharing with me his insights about it. I am also grateful to Saleh Tanveer 
for helpful comments about equations of type (23.1). 

2. An outline of the argument 

For any type III self-dual neutral oriented Einstein four-manifold (AI,g), it is shown in Lem- 
mas 5.1(a)-(b) and 5.2(i) that, locally, M admits a natural identification with the total space 
of an affine plane bundle over a surface, endowed with a distinguished "nonlinear connection" 
in the form of a horizontal distribution H, transverse to the vertical distribution V of the 
bundle. Both V and TC consist of (/-null vectors. 

In the next step, 7{ is ignored. What is kept in the picture consists of some natural 
differential forms (such as (3, mentioned in the Introduction) along with the vertical distribution 
V on M, the family D of the standard flat torsionfree connections of the afflne leaves of V, 
and a partial version h of the original metric g. Speciflcally, h "remembers" only how to 
evaluate inner products in which one of the vectors is vertical. The data just listed form a 
basic octuple deflned, as an abstract object, in Section 8. 

The original metric g may be reconstructed from its associated basic octuple through a 
choice of a suitable horizontal distribution H, declared to be ^-nuU. The desired properties of 
g (being a self-dual Einstein metric of Petrov type III such that the given V and Ti. correspond 
to it as in Lemma 5.1(a)) can be rephrased as a system of four curvature conditions, appearing 
in Theorem 12.2, which are differential equations with the unknown 7i. 

What makes basic octuples convenient to use is the fact that they all represent a unique local 
diffeomorphic type (Theorem 9.2), and so choosing to work with just one of them leads to no 
loss of generality. Secondly, the horizontal distributions for a fixed basic octuple form an affine 
space (and, in fact, constitute arbitrary sections of a certain affine bundle). The discussion of 
the four curvature conditions may thus be simplified by selecting one horizontal distribution 
H to serve as the origin, and expressing other horizontal distributions as sums H = H + F, 
where i*" is a section of a specific vector bundle over M. 

A simplification of this kind is provided by two-plane systems, introduced in Section 9. 
Specifically, M is replaced with the product S x H-i- of an affine plane S and a (vector) 
half-plane 11+, so that the 11+ and S factor distributions serve as V and the "origin" H. 
Of the four curvature conditions in Theorem 12.2, imposed on H = 'H + F, with F as above, 
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three then turn out to be (nonhomogeneous) hnear, of first or second order, and involve only 
derivatives in n_|_ directions. Therefore, they can be solved explicitly in each fibre {y} x n_|_, 
and the solutions form a nine-dimensional affinc space, which is the same for all y. 

The sections F just mentioned may thus be viewed as functions on nonempty open subsets 
U of S, valued in the affine 9-space. For such functions F, the fourth curvature condition in 
Theorem 12.2 is equivalent to the system (18.4) of quasi-linear first-order differential equations 
with the unknown function {q, \, /j,) : U ^ V, related to F, and taking values in a specific 
eight- dimensional vector space V. That solutions to (18.4) exist is obvious (Example 18.3). 
A description of all solutions is achieved by interpreting a function U ^ V as a pair (g, V) 
consisting of a section g of a (vector) plane bundle V over the surface U and a unimodular 
connection V in P. The system (18.4) then amounts to the algebraic condition (25.3.i) on 
the curvature of V coupled with the covariant-derivative equation (25.3.ii) on q. As a result, 
(18.4) is easily solved with the aid of gauge transformations and the method of characteristics. 

Solutions to (18.4) play a central role in Theorem 22.1, which presents a construction giving 
rise, locally and up to isometrics, to all strictly non-Walker type III self-dual neutral Einstein 
metrics in dimension four, and only to such metrics. The construction is explicit enough to 
yield easy answers to the most obvious questions: for instance, metrics with the properties just 
listed need not be Ricci-flat or locally homogeneous (Theorem 22.2). Theorem 22.1 does not, 
however, provide a complete local classification of the these metrics, since it fails to describe a 
local moduli space, that is, to determine when two choices of the parameters (g, V) mentioned 
above lead to two four-manifolds which are locally isometric to each other. 



3. Preliminaries 

All manifolds, bundles, their sections and subbundles, as well as connections and mappings, 
including bundle morphisms, are assumed to be of class C°°. A manifold is by definition 
connected; a bundle morphism may operate only between two bundles with the same base 
manifold, and acts by identity on the base. 

We treat the covariant derivatives of a vector field v and of a 1-form ^, relative to any fixed 
connection V on a manifold M, as a morphism Vf : TM TM and, respectively, a twice-co- 
variant tensor field, acting on vector fields u,w by (Vu)tt = Vuf and {S/S^){u,w) = (Vu^)(u>). 
For the tensor and exterior products of 1-forms (3, a on a manifold, the exterior derivative of 
/?, and any tangent vector fields u, v, we have 

, . i) {13 ® a){u,v) = (3{u)a{v), ii) 13 ^ a = (3 ® a - a ® 13 , 

^"^■-^^ iii) m{u.v) = du[(3{v)\ - d,[(3{u)\ - (3{[uM)- 

We use the metric 5 of a pseudo-Riemannian manifold (M, g) to identify any vector field u on 
M with the 1-form g{u, ■ ). Similarly, we identify a vector-bundle morphism C : TM — > TM 

with the twice-covariant tensor field b such that b{u,w) = g{Cu,w) for all vector fields u,w. 
In other words, C is the result of raising the second index in b. A twice-covariant tensor field 
b thus associates with a vector field u a new vector field bu, and with a 1-form ^ a new 
1-form b^, characterized by 

(3.2) i) bu = Cu, ii) b^ = b{v,-), 

where C corresponds to b as above, and v is the vector field such that ^ = g{v, ■ ). 
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By the Leibniz rule, when V is the Levi-Civita connection of a pseudo-Riemannian metric 
g and u,v,w are tangent vector fields, 2g{VvU,w) equals 

(3.3) dy[g{u,w)] + du[giv,w)] - d^[g{v,u)] + g{u, [w,v]) + g{w,[v,u]) -g{v,[u,w]), 

cf. [11, p. 160], where dy is the directional derivative. Our sign convention about the curvature 
tensor R of any connection V in a real vector bundle S over a manifold M is 

(3.4) R{u,v)w = VvVuW - VuVyW + V[„,^]u; 
for vector fields u, v tangent to M and a section w of £. Then 

(3.5) R{u,v):£^£ 

denotes the bundle morphism sending any section w to R{u,v)w. We use the symbol R also 
for the four-times covariant curvature tensor of a pseudo-Riemannian manifold {M,g), with 

(3.6) R{w,w',u,v) = g{R{w,w')u,v) . 

Aa a consequence of (3.4) and the Leibniz rule, any vector-bundle morphism C : TM — ^ TM 
in a pseudo-Riemannian manifold (M, g) satisfies the Ricci identity 

(3.7) V^V^C - V^V^C + V[^,^]C = [R{v,w),C] 

for tangent vector fields v,w, with [ , ] on the right-hand side denoting the commutator of 
bundle morphisms TM TM. (In coordinates, this reads — C^j^. = Rikj^Cg — Riks^Cj-) 
The four-times covariant curvature and Weyl tensors R and W oi a pseudo-Riemannian 
Einstein four-manifold {M,g) with the the scalar curvature 12K are related by 

(3.8) R = W + Kg Ag, or, in coordinates, Rjkip = Wjkip + K{gjigkp - gkWjp)- 

Our conventions about curvature-like tensors R acting on 2-forms ( and the inner product 
( , ) of 2-forms, are, in local coordinates, 

(3.9) a) 2{RC)jk = RjklpC^'', b) 2(C, r?) = -tr Cr?, 

(r) being the composite of the bundle morphisms TM TM corresponding to ( and r) as 
in (3.2.i). The coordinate versions 2{C,r]) = Cj/eV^ (3.9.b) and {(5 f\a)jk = Pja^ — PkCXj of 
(S.l.ii) now give, for tangent vector fields u and v, 

(3.10) (C, rj) = C(u, v) if 7? = g{u, ■ ) A giv, ■ ) . 

The Hodge star * of an oriented pseudo-Riemannian four-manifold {M,g) of the neutral 

signature acting in the bundle [T*M]^'^ of 2-forms is an involution, and so [T*M]^'^ = 

A'^M ®A~M, for the ±l-eigenspace bundles A^M of *, both of fibre dimension 3, known as 
the bundles of self-dual and anti-self-dual 2-forms [8, p. 641, formula 37.26]. According to [8, 
p. 643, formula (37.31)], with notation as in (3.9.b), 

(3.11) Cv + vC = ~(C)'7)Id whenever (,ri are sections of A^M . 

Remark 3.1. A vector field v on the total space of a bundle projection tt is called vertical 
if it is a section of the vertical distribution V = Ker dir. As one easily verifies in suitable 
local coordinates, a vector field w on the total space is vr-projectable onto some vector field 
on the base manifold if and only if, for every vertical vector field v, the Lie bracket [w, v] 
is also vertical. More generally, given an integrable distribution V on a manifold M, by a 
V-projectable local vector field in M we will mean any vector field iv defined on an open set 
U C M and such that, whenever u is a section of V defined on U, so is [w,v]. 
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Remnrk 3.2. For any oriented pseudo-Riemannian four-manifold (M, g) of the neutral signa- 
ture + , the bundles A^M of self-dual and anti-self-dual 2- forms are canonically oriented. 

In fact, a positive-oriented ( h +)-orthonormal basis of TxM naturally gives rise to a basis 

of A^M, which is also ( |-)-orthonormal [8, formula (37.25) on p. 641], in such a way that 

changing the signs of the first and third vectors in the basis of TxM leaves the resulting orien- 
tations of A^M unchanged. Thus, both connected components of the set of positive-oriented 
( h +)-orthonormal bases of T^M produce the same orientation in A^M. 

Remark 3.3. For an n-form ( G [F*]'^" in a real vector space V of dimension n, any endomor- 
phism $ of V, and any wi, . . . ,Wn & V, we have ({^wi,W2, ■ ■ ■ , ^w^2, 'J'^a, • • • , 

. . . -|- C{'Wi,W2, ■ ■ ■ , Wn-1, ^Wn) = (tr ^)({wi,W2, • • • , Wn), as One sees using the matrix of $ in 
the basis wi, . . . , Wn, if wi, . . . , Wn are linearly independent, and noting that both sides vanish 
due to their skew-symmetry in wi, . . . , Wn, if wi, . . . , Wn are linearly dependent. 

Remark 3.4. If a trilincar mapping (w, w', w") ^ , w\ w") from a two-dimensional vector 
space n into any vector space is skew-symmetric w',w", then 5{w,w',w") summed cyclically 
over w, w', w" yields 0. In fact, the cyclic sum then depends on w, w' and w" skew-symmet- 
rically, so that it vanishes as dim 11 = 2. 

4. Rank versus Petrov type 

We say that a tracclcss cndomorphism of a three-dimensional pseudo-Euclidean space is of 
Petrov type II (or. III) if it is self-adjoint and sends some ordered basis (x, y, z) to (0,0, x) 
(or, respectively, to (0,x, y)). 

The symbol always denotes the self-dual and anti-self-dual parts of the Weyl tensor of 

a given oriented pseudo-Riemannian four-manifold {M,g) of the neutral signature + . 

Thus, may be viewed as an endomorphism of the bundle A^M of (anti)sclf-dual 2-forms. 
As usual, we call {M,g) self-dual if W~ = 0, and refer to as a self-dual metric of Petrov 
type II (or. III) if W~ = and W'^ is of Petrov type II (or III) at every point. 

Remark 4.1. Note that tr = 0. See, for instance, [8, formula (38.15) on p. 650]. 

Remark 4.2. A tracclcss self-adjoint cndomorphism $ of rank 1 in a pseudo-Euclidean 3- 
space V is necessarily of Petrov type II, and its image / is a null line. 

In fact, if / were not null, we would have V = I (B and /"*" = Ker$, and hence the 
restriction ^ : I ^ I would be traceless, contrary to its surjectivity. Now we can use x, y, z 
with x G / C -f"*" = Ker$ and y G Ker$, normalizing z so that $z = x. 

Lemma 4.3. Let {M,g) be a pseudo-Riemannian four-manifold of the neutral signature 

1-+ such that the Weyl tensor W acting in the bundle [T*M]^^ of 2-forms has constant 

rank k, and the restriction of the fibre metric ( , ) in [T*M]^'^ to the subbundle £ forming 

the image of W is degenerate at every point. 

(i) // k = 1, then M admits an orientation for which g is self-dual of Petrov type II. 

(ii) // M is oriented, k = 2, and E is {,)-null at some point, then, at every point, E is 
{,)-null and are both of Petrov type II. 

(iii) If k = 2 and, at some point, £ is non-null relative to {,), then £ is ( , ) -non-null at 
every point, while M admits an orientation for which g is self-dual of Petrov type III. 
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Proof. Let be the function assigning to each x G M the rank of at x. Since is 
lower semicontinuous, constancy of k = k'^ + k~ imphes that both k"^ are constant. Thus, 
locally, £ = £~^® £~ for some subbundles £^ of A^M. 

If k = 1, the requirement that k~^ = 1 and k~ = uniquely defines an orientation of M, 
and (i) is obvious from Remarks 4.1 and 4.2. 

If M is oriented, k = 2, and k'^ = k~ = 1, Remarks 4.1 and 4.2 yield two conclusions. 
First, both are of Petrov type II at each point. Secondly, both £^ are ( , )-null at every 
point, and hence so is £ = £~^(B £~. 

Finally, let k = 2 and k~^ / k~. For the orientation defined by requiring that k~^ = 2 and 
k~ = 0, we have W = 0, while £ = £^ cannot be ( , )-null at any point x. (If it were, £x 
would be a 2-dimensional subspace of A^M contained in its own 1-dimensional orthogonal 
complement.) Since the restriction of ( , ) to the plane bundle £ (the image of W^) is assumed 
degenerate, Petrov's classification [8, Proposition 39.2 on p. 652] implies that, at each point, 
is of Petrov type III. Combined with the preceding paragraph, this proves (ii) and (iii). □ 

5. The vertical-horizontal decomposition 

In the following two lemmas, the meaning of yl+M and is the same as in the second 
paragraph of Section 4. An endomorphism ^ of /l^M, such as W~^, is identified with a four- 
times covariant tensor field (namely, a morphism [T*M]^^ [r*M]^^ vanishing on A~M), 
and div'Z' is defined, in local coordinates, by {drv\P)kim = ^''kim,j- 

Lemma 5.1. Given an oriented four-dimensional pseudo-Riemannian manifold {M,g) of the 

neutral metric signature \- + , let ^ he a bundle endomorphism of A'^M with trlZ' = 

and divlZ' = 0, which is of Petrov type III at every point, as defined in Section 4. 
Then A'^M has a C°° global trivialization {(,rj,9) with 

i) = 0, 'Prj = — ^6 = rj, 

^^■^^ ii) (C, e) = 2 = - {r,, tJ) , (c, C) = (C, v) = {r], 0) = {e,e) = o, 

unique up to replacement by (— ~Vj~^)> ^'^^ rank ^ = rank 9 = 2 at each point, while 

(a) V = KerC and 7i = KeiO are null 2-dimensional distributions on {M,g). 
The trivialization {C,f]j^) becomes unique if one requires, in addition, that 
(5.2) Tjv = V and r]w = —w for sections i; of V and w of Ti., 

with rjv as in (3.2.i). Whether (5.2) is assumed or not, we have the following conclusions. 

(b) V is integrahle, its leaves are totally geodesic, and TM = © V. 

(c) VC = 2q; (g) C + 2/3 (g) ??, Vr/ = 27 (g) C + 2/3 (g) 6* and VO = 2'y ®rj -2a® 9 for some unique 
1-forms a,/3,7 on M. 

(d) I3{v) = for every section v of V. 

(e) 2lP = C ^ V ~^ V ^ C foT ^ treated as a four-times covariant tensor field. 

(f) 2C7 + r]a + 9f3 = 2r](5 + (^a = C/3 = 0, in the notation of (3.2.ii). 

Proof. The assumption made about combined with Petrov's classification [8, Proposition 
39.2 on p. 652], gives (5.1) at each point x, for some basis C,x: Vx^ of A^M which is unique up 
to an overall sign change [8, p. 656, Remark 39.3(iv-c)]. Our trivialization (C, 77, ^) is therefore 
unique, locally, up to a change of sign, and so it has a global single-valued C°° branch (as 
the bundle yl+M is orientable, cf. Remark 3.2). According to [8, p. 645, Lemma 37.8], at 
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each point x, the 2-forms Cx and 6x (written in the next five fines without the subscript 
x), being nonzero, self-dual and null, can be decomposed as C = Ci and 9 = ^3 A ^4, 
with = Qxidj, •)) j — 1)2,3,4, for some Cj G TxM such that Vx = span{ei,e2} and 
Tix = span{e3, 64} are null planes. This proves (a). As ^1 A ... A ^4 = C A 6* equals (C, *0) 
times the volume form, while {C,,*9) = {(,,9) = 2 ^ 0, the vectors 61,62,63,64 must form a 
basis of TxM. Hence TM = H®V. 

By (3.11) and (5.1.ii), ryr/ = Id and 77 anticommutes with Q and 9. 

We will now verify that (5.2) holds, possibly after r/ has been replaced by — r/ (which will 
clearly imply the uniqueness claim concerning (5.2)). To this end, let us first note that, if %, 
at any point a; G M, has eigenvectors v ^Vx and u G Hx, then they cannot correspond to the 
same eigenvalue. In fact, if they did, it would follow that gx{v,u) = 0, since each eigenspace of 
773; is null due to skew-symmetry of r] and its nondcgcncracy. On the other hand, the relations 
Ti. = Ker9 and TM = 7i(BV imply injcctivity of 9x restricted to Vx, and so, since rj and 9 
anticommute, 9xV G Tix = Ti-x would be an eigenvector of "i^x for the opposite of the original 
v-eigenvalue, and, consequently, u and 9xV, being linearly independent, would span Hx, while 
9x{v,9xv) = as ^ is skew-symmetric. Thus, v would be orthogonal to both u and 9xV, so 
that it would lie in = Tix, contradicting the relation Tix H V^; = {0}. 

Since 77 anticommutes with ^ and 9, it leaves the distributions V = Ker^ and 7i = Kei9 
invariant, so that, as rji] equals the identity, TxM is, at each point x G M, spanned by 
eigenvectors of % for the eigenvalues ±1, lying in Vx and Hx- Combined with the last 
paragraph, this proves (5.2) up to a change of sign. 

The existence and uniqueness of 1-forms a,/3, 7 with (c) is immediate from (S.l.ii) and 
invariance of A~^M under parallel transports. Also, (e) follows since, by (S.l.ii) and (3.9), 
both sides act on yl+M as described in (S.l.i). In view of (e) and (c), = 27 (8) C C + 
2(3 (^7]<Sir] + ai^{C®r] + r]iS)C) + l3'S){C ^0 + 91^ C). Contraction now gives div ^ = 
(2C7 + r/a + 6'/3) 0C + (2??/3 + C") 'X'r? + C/5«'^'- As divi^ = 0, this implies (f). The vector field 
associated by g with /3 thus is a section of V = Ker^ and, as V is null, we get (d). 

Finally, let v,v' be any sections of V. The Leibniz rule and (c) with (v = (v' = show 
that C'^vv' = — {'^vC)'"' = —2(3{v)r]v'. However, l3{v) = in view of (e). Consequently, Vyv' 
is a section of V = Ker(^, which yields (b). □ 

Lemma 5.2. Suppose that an oriented pseudo-Riemannian Einstein four-manifold {M,g) 

with the neutral metric signature 1-+ is self-dual of Petrov type III. The assumptions of 

Lemma 5.1 then are satisfied hy = W~^. For C,,ri,a, 13,^,9,V and TC uniquely defined as 
in Lemma 5.1 with •P' = W'^, and with V, i? and K denoting the Levi-Civita connection, 
four-times covariant curvature tensor, and 1/12 of the scalar curvature of g, 

(i) the connection induced by V on each leaf of V is flat, 

(ii) 2R{v,w) = C{v,w)ri + rj{v,w)( + 2K^A^', where v,w are any vector fields, ^ = g{v, •) 
and ^' = g{w, • ), with ^ A ^' as in (S.l.ii), 

(iii) du[g{v,w)] = g{v,'Vuw) = g(VwU,v) = j3{w)9{u,v) whenever u,v are sections of V 
parallel in the direction of V, while w is a V-projectable local section of Ti, 

(w) 2dP + AI3 Aa = -KC, 2dj + 4a A -f = K9 + r], 

(v) V = = KerC = ImC = Ker (r? - Id) and W = = Ker^ = Im^ = Ker(r? +Id), 
with Im meaning 'image' and C,,ri,9 treated as morphisms TM -^TM, cf. (3.2.i), 

(vi) [Vu,u]^ = j3(w)9u for any vector field w and any section u of V, where [ ]^ denotes 
the H- component projection in TM = T-L®V. 
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Proof. The assumptions of Lemma 5.1 are satisfied hy = W^. Namely, it is the well known, 
cf. [8, p. 460, Lemma 5.2], that div W = for any pseudo-Riemannian Einstein metric. Now 
(3.8) and Lemma 5.1(e) with ^ = = W yield (ii). Also, by (ii), R{v,v')w = for any 
sections v,v',w of the null distribution V = Ker(, which proves (i). Next, (v) is obvious from 
Lemma 5.1(a) and (5.2), since (^,9 : TM TM are skew-adjoint at each point, while the 
distributions V and H are null and 2-dimensional. On the other hand, (iii) follows since, 
by (5.2), Lemma 5.1(c) and (v), g{VwU,v) = g{Vw{'nu),v) = g{{Vwr])u,v) + g{r)[V.wu\'^,v) = 
2g{(3{w)6u,v) — gCVujUjV), with [ ]^ as in (vi), while du[g{w,v)] = g{\/uW,v) from the Leibniz 
rule, and ^(VuW, v) = g{VwU, v) in view of Remark 3.1, as [w, v] = VwV — V^w and V is null. 

For any fixed vector fields v,w, let [R(v,w),ri] denote the 2-form given by [R{v,w),ri] = 
VrnV^ry — VyVujT/ + V[^^^]?7. Evaluating [R{v,w),r)] with the aid of Lemma 5.1(c), and using 
(5.1.ii) along with (3.1), we see that 

(5.3) {e,[R{v,w),r,]) =2[2d-f + 4aAj]{w,v), {(, [R{v, w), r,]) = 2[2 d(3 + A(3 A a]{w,v) . 

Identifying C,rf,0 with bundle morphisms TM — > TM as in (3.2.i), and using the multiplica- 
tive notation for their composites, we have 

(5.4) eri=-rie = e, Cr, = -vC = -C- 

In fact, by (v), both sides in each equality agree separately on V = Ker^ and on H = KeiO. 

Defining commutators of 2-forms, as usual, in terms of their composites, we see that 
[R{v,w),r]] introduced above becomes such a commutator if we identify R(v,w) with the 
2-form R{v,w, • , •), cf. (3.2.i). In fact, this is immediate from the Ricci identity (3.7) applied 
to C which corresponds to b = rj as in (3.2.i). By (ii), [R{v,w),r)] = —rf{v,w)C + A ^',r)], 
with as in (ii), since [i],rf] = 0, while (5.4) gives [C,v] = ~^C- Consequently, 

(5.5) {9, [Riv, w),v]) = 2n{w, v) + 2K9{w, v) , (C, [R(.v, w), r?]) = -2Kaw, v) . 

To verify (5.5), note that {(,9) = 2 and (C,C) = by (5.1.ii), while -2{9,[^ A ^',r]]) = 

tT9[^A^',ri] = tr {^A^')r]9-tT9ri{^A^') = -2tr (^A^')^ = 4(0, ^A^') = 49{v,w) by (3.9.b), 
(3.10) and (5.4), so that {9 , [£, A ^' , r]]) = -29{v,w) and, similarly, (C,[CA^',r/]) = 2C{v,w). 
Combining (5.3) with (5.5), we obtain (iv). 

Finally, both sides in (vi) are, by (v), sections of the null distribution H. Their inner 
products with any section of Ti. (or, respectively, any section v of V) thus are both zero, (or, 
respectively, are equal in view of the last equality in (iii)). This yields (vi). □ 

Given {M,g) as in Lemma 5.2, with the corresponding objects (^,r],9,V and Tt, we may 
choose, locally, sections w,w' of Ti such that ((w,w') = 1. Setting v = —d^w' and v' = (^w, 
we obtain a local trivialization w, w', v, v' of the tangent bundle TM, in which the only nonzero 
components of 5, C)^ & 9{v-,w) =g{v',w') = 1, C,{w,w') = 1, ri(v,w) =ri{v',w') = 1, 
9{v, v') = 2, and those arising from them due to symmetry of g and skew-symmetry of (, r), 9. 

In fact, such w and w' exist since TM = 7i ®V and V = Ker^, which also implies 
injectivity of Qx '■ T~Lx ^ Va;, at every point x. Hence w,w',v,v' form a local trivialization of 
TM. As Ti = Keic9, applying to w and w' the relation (^9 + 9Q/2 = —Id, immediate from 
(5.1.ii) for = W+ and (3.11), we get 9v' = -2w and 9v = 2w'. As V and H are g-nuU, 
our claim is now obvious from (5.2). 

Remark 5.3. All self-dual oriented Einstein four-manifolds of the neutral metric signature 
+ , which are of Petrov type III, are curvature homogeneous. This well-known fact is 
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an obvious consequence of the last paragraph: by Lemma 5.2(ii), w^w\v,v' chosen as above 
form, at any point, a basis of the tangent space providing a canonical expression for both the 
metric and the curvature tensor. 

6. The Walker and strictly non-Walker cases 

Suppose that T is a pseudo-Euclidean 4-spacc of the neutral signature ( !-+)• By a null 

plane in T we mean a null two-dimensional vector subspace of T. We also use the inner 
product of T, denoted by ( ,), to identify the space [T*]^^ of 2-forms with the space T^^ of 
bivectors. Thus, if T is oriented, we can treat the Hodge star * as an involution of T^^, and 
speak of self-dual or anti-self-dual bivectors in T. 

Lemma 6.1. Let T he a pseudo -Euclidean A-space of the neutral metric signature. 

(a) Any null plane M in T naturally distinguishes an orientation of T, namely, the one 
which, for some/any basis u,v of M , makes the bivector uAv self-dual. 

(b) // M and M' are null planes in T and dim (A/'fl A/"') = 1, then M and M' distinguish, 
in the sense of (a), two opposite orientations of T. 

Proof. A bivector in T equals u Av for some basis u, v of some null plane if and only if it 
is nonzero, null, and self-dual or anti-self-dual [8, p. 645, Lemma 37.8]. This yields (a), and 
at the same time shows that, under the assumptions of (b), if u,v,w G T and u,v span A^, 
while v,w span A^', then uAv and v Aw are linearly independent null bivectors, and each of 
them is self-dual or anti-self-dual. If both M and M' distinguished the same orientation of T, 
this orientation would make both bivectors self-dual, and so they would have to be orthogonal, 
since, for any self-dual bivectors (, r), the 4-form (Arj is the product of {(, *rj) = {C,, rj) and the 
volume form. Thus, uAv and v Aw would span a null plane in the pseudo-Euclidean 3-space 
of self-dual bivectors, which cannot exist for dimensional reasons, as it would be transverse to 
a spacelike or timelike plane. □ 

For a null plane N as in Lemma 6.1(a), we will say that N is compatible with the orientation 
of T distinguished by it. Thus, a two-dimensional null distribution on an oriented pseudo- 
Riemannian four-manifold (M, g) of the neutral metric signature is either compatible with the 
orientation (at every point), or not compatible with it at any point. 

The orientation distinguished by N also has a description that does not invoke self-duality. 
Consequently, it can be generalized to all even dimensions n > 4 (see Remark 6.3). 

Part (iii) of the next theorem is due to Diaz-Ramos, Garcia- Rio and Vazquez- Lorenzo [7]. 

Theorem 6.2. Let V and p be the two-dimensional null distribution and the 1-form, defined 
as in Lemma 5.2 for a given neutral- signature oriented self-dual Einstein four-manifold (M, g) 
of Petrov type IIL 

(i) V is compatible with the orientation. 

(ii) V is parallel if and only if (3 = identically. 

(iii) // V is parallel, the metric g must be Ricci-flat. 

(iv) If (3 ^ everywhere, {M,g) does not admit a two-dimensional null parallel distribution 
compatible with the orientation. 

Proof. Choosing w,w',v,v' as in the lines preceding Remark 5.3, we see that v A v' is the 
bivector corresponding to ( via g. Since v and v' span V, while ( is self-dual, (i) follows. 
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As V has totally geodesic leaves (Lemma 5.1(b)), VyU is a section of V if so are u and 
V. Thus, by Lemma 5.2(i), for V to be parallel, it is necessary and sufficient that be 
a section of V whenever u is a section of V, parallel in the direction of V, and w is any 
V-projectable local vector field. Since V = V"*" and 9^0 everywhere (cf. Lemma 5.2(v)), the 
last equality in Lemma 5.2 (iii) shows that V has the property just stated if and only if /3 is 
identically zero, which yields (ii). Next, if /3 = 0, the first equality in Lemma 5.2(iv) gives 
K = (since ( ^ hj Lemma 5.2(v)), proving (iii). 

Suppose now that (3^0 everywhere and T> is any two-dimensional null parallel distribution 
on {M,g). If v,w are sections of V, setting ^ = g{v, ■ ) and ^' = g{w, ■ ), we have 

(6.1) C{v,w)ri + ri{v,w)C + 2K^A(' = 0. 

This is immediate from Lemma 5.2(ii), as R{v,w,u,w') = for arbitrary vector fields u,w', 
due to the fact that, by (3.4), R{u,w')v, being a section of V, must be orthogonal to w. 

Therefore, C{v,w) = whenever v,w are sections of V. In fact, evaluating (6.1) on {v,w), 
we get C(v, w)r](v, w) = 0. Thus, at points where (^(v, w) we would have r]{v, w) = and, 
by (6.1), 77 would be a multiple of ^ A contrary to its nondegeneracy (cf. (5.2)). 

As /3 / everywhere, there exists x G M with ^ Vx (or else V = P would be 
parallel, contradicting (ii)), and we may choose v £ such that v ^ Vx = Ker(^x- Thus, 
(xV G \ {0} (by Lemma 5.2(v)), while, according to the last paragraph, (xV € T-'x — ^x- 
Hence dim {Vx H T^x) = 1- Lemma 6.1(b) and (i) now show that V is not compatible with the 
orientation at x, or, equivalently, at any point, and (iv) follows. □ 

Suppose that {M,g) is a type III self-dual oriented Einstein four-manifold of the neutral 
metric signature. We call a point x G M generic if /?a; 7^ or /? = at all points of some 
neighborhood of x. Generic points obviously form a dense open subset of M. Each connected 
component of this set represents either the Walker case ((3 = identically), or the strictly 
non-Walker case (/3 7^ everywhere). Our terminology is motivated by Theorem 6.2 and the 
fact that null parallel distributions on pseudo-Riemannian manifolds are described by Walker's 
classical theorem [13]. 

It should be pointed out that, in any neutral-signature oriented self-dual four-manifold 
{M,g) which is Ricci-flat but not flat, there exists a whole family, diffeomorphic to the circle, 
of two-dimensional null parallel distributions which are not compatible with the orientation. 
In fact, for such {M,g), the Levi-Civita connection in the bundle A^M is well-known to 
be flat. The distributions in question now arise from nonzero null parallel local sections of 
A~M, treated as anti-self-dual bivector flelds. See [8, p. 638, Proposition 37.1(i) and p. 645, 
Lemma 37.8]. 

On the other hand, not all manifolds with the stated properties admit two-dimensional null 
parallel distributions compatible with the orientation (cf. Section 22). 

Remark 6.3. In a 2m-dimensional pseudo-Euclidean space T of the neutral metric signature 
(m pluses, m minuses) , any m-dimensional null subspace Af naturally distinguishes an orien- 
tation of T. Specifically, this is the orientation represented by the basis vi, . . . , v„i, wi, . . . , Wm, 
where vi, . . . ,Vm is any basis of M and u^i , . . . , Wm G T are any vectors satisfying the inner- 
product relations {vj,Wk) = Sjk- Note that, given vi, . . . , Vm, such wi, . . . , Wm exist since the 
functionals A/" ^ M forming the basis dual to , . . . , may be extended to T and then 
represented as (•,1/;^), k = l,...,m. Also, the 2m-tuple vi, . . . ,Vm,wi, . . . ,Wm is a basis 
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since the corresponding Gram matrix of inner products is nonsingular. Finally, the transition 
matrix between two such bases is easily seen to have a positive determinant. 

When m = 2, the orientation distinguished by Af in the manner just described coincides 
with that of Lemma 6.1(a). See [8, p. 638, Proposition 37.1(i)]. 

7. Partial metrics and affine foliations 

Let £ and ^ be real vector bundles over a manifold S. By a pairing of £ and we mean 
any C°° section of {£ (g) JF)*. In other words, such a pairing is a C°° assignment of a bilinear 
mapping £y x J^y ^ M. to every y G S, and may also be regarded as a vector-bundle morphism 

£^T*,oT T ^ £*. 

Given an m-dimensional distribution V on a manifold M of dimension 2m, we define a 
partial metric for (M, V) to be any pairing h of the vector bundles V and TM over M 
which, treated as a morphism TM — > V*, has the kernel V. (Cf. [6, Sec. IV].) Clearly, 

(7.1) such h amount to (arbitrary) vector-bundle isomorphisms V — [(TM)/V]*. 

An obvious example of a partial metric for (M, V) is the restriction h to V and TM of the 
pairing of TM and TM provided by a pseudo-Riemannian metric g on M such that V is 
g-mxW. In this case we refer to h (or, g) as the restriction of to V and TM (or, respectively, 
a total-metric extension of h). 

By an affine foliation on a manifold M we mean a pair (V, D) consisting of an integrable 
distribution V on M along with a fixed choice of a flat torsionfree connection D on each leaf 
of V such that, in an obvious sense, the connection depends C°°-differentiably on the leaf. 
Our notation ignores the dependence of D on the leaf, and, instead, treats D as a mapping 
that sends sections v of V to a section D„w of V. Obviously, for (V, D) as above, 

„s the vector subbundle V of TM is locally trivialized by sections of V 

^ ' ' that are V-parallel in the sense of being D-parallel along each leaf of V. 

Let (V, D) be an affine foliation of dimension rn on a 2m-dimensional manifold M, and let 
h he a partial metric for (V, D) (that is, for (M, V)). We will say that h is 

i) affine if, for any V-parallel section v of V and any V-projectable vector field w (cf. 
Remark 3.1), both defined on any open subset of M, the function h{v,w) restricted 
to each leaf of V is locally affine or, equivalently, the 1-form on obtained by 
restricting d[h{v,w)] to N is D-parallel, 

ii) skew-affine if dy[h{v,w)] = for any v,w as in (i), 

iii) trivial if, for any v,w as in (i), h{v,w) is locally constant along every leaf of V. 

For (M, V) and a partial metric h as above, being trivial obviously implies being skew-affine, 
while being skew-affine implies being affine: the last claim is clear since, whenever u, v' are 
sections of V parallel along V and v,w are as in (i), dudy[h{v',w)] must vanish due to its 
simultaneous skew-symmetry in v,v' and symmetry in u,v. 

An affine foliation (V, D) on M obviously arises when M is an open submanifold of the total 
space of an affine bundle over a manifold, V is the restriction to M of the vertical distribution 
Ker dir, where tt is the bundle projection, and D is the standard flat torsionfree connection 
of each flbre. Locally, there are no other examples: any affine foliation (V, D) of dimension k 
on an n-dimensional manifold M is, locally, obtained in the manner just described. In fact, 
let us fix an (n — A;)-dimensional submanifold S of M, transverse to V, and treat it as the 
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zero section S C "P in the total space V of the vector bundle over S which is the restriction 
of V to S. Then, at any point y of the zero section S, the exponential mapping of D sends 
a neighborhood of y in P diffeomorphically onto an open set in M, in such a way that the 
vertical distribution in V corresponds to V. 

The total space M = T*S of the cotangent bundle of any manifold S carries a trivial partial 
metric h, for (V, D) defined as in the last paragraph, obtained by setting hx{^,w) = ^{diTxw) 
for any x G r*S = M, any vertical vector ^ G Ker dTTa; = T*S, with y = 7r(x), and any 
w G TxM, where tt : M — > E is the bundle projection, cf. [12]. Again, these are, locally, 
the only examples: for any trivial partial metric h for (V, D) on a manifold M, treating the 
leaves of V, locally, as the fibres of a bundle projection tt : M ^ S, we obtain a natural 
bijective correspondence between V-parallel sections v of V and 1-forms ^ on S, given by 
^{dirw) = h{v,w), where w is any V-projectable local vector field in M, and dirw denotes 
its TT-image in S. Thus, M can be identified, locally, with the total space of an affine bundle 
over S, the associated vector bundle of which is r*S. The required local identification of M 
with r*S may now be obtained by choosing an (n — A;)-dimensional submanifold S of M, 
transverse to V, as in the last paragraph. 

The partial metrics that naturally appear in the geometric situation discussed in this paper 
are skew-affine, though not trivial. 



8. Basic octuples 

By a basic octuple we mean a system {M,V,D,h,a, l3,9,() formed by a skew-affine partial 
metric h for a two-dimensional affine foliation (V, D) on a manifold M of dimension four, 
along with sections a,P,C,0 of V*, T*M, [T*M]^^ and, respectively, [V*]^^ such that P^O 
everywhere, rank C = 2 everywhere, and 

a) du[h{v,w)] = P{'w)6{u,v) , b) du[a{v)] = a{u) a{v) , 

, . c) du[C{w,w')] = a{u)C{w,w') d) du[/3{w)] = 2a{u)/3{w) , 

^ > e) du[e{v,v')] = -2a{u)e{v,v'), f) e{v,Cw) = 2h{v,w), 

g) a{Cw) = 2/3{w), h) V = KerC 

for any V-parallel sections u, v, v' of V (see Section 7) and V-projectable local vector fields 
w,w' in M (cf. Remark 3.1). Unlike the 1-form /3 and the 2-form C on M, the objects 
a and ^ in a basic octuple are only "partial" differential forms: a{v) and 9{v,v') are not 
defined unless v and v' are sections of V. 

In (S.l.f), Cw; denotes the unique section of V with h{(^w,w') = C{w,w') for all vector 
fields w', the existence and uniqueness of (w being clear from (7.1). By (S.l.h) and (S.l.g), 

(8.2) i)V = ImC, ii) V = KerC C Ker/3, 

where (i) expresses surjectivity of C treated as a morphism TM — ^ V acting hy w i-^ (w. For 
sections u,v of V and vector fields w, w', 

foo\ ^) 2(3{w)h{u,iu') — 2(3{w')h{u,w) = a{u)(^{w,w'), 

b) 9{u,v)(^2v = 2[h{u,'w)v — h{v,w)u]. 

Namely, we obtain (8. 3. a) (or, (8.3.b)) by first selecting a vector field w" with u = C,w" 
(or, vector fields w,w' with u = Qw, v = C'u^'), then using (S.l.g) (or, (8.1.f)) to replace 
a{u) = a{Cw") by 2l3{w") (or, e{u,v) = 9{Cw,Cw') by 2h{Cw,w') = 2C{w,w')), and, finally, 
applying Remark 3.4, at any x e M,to U = %M/Vx, cf. (8.2.ii). 
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Remark 8.1. For a basic octuple (M,V,D,h,a, f3,6,Q, a section ti of V, a V-projectable 
local vector field w in M, and (w as above, we have Du{(w) = 2a{u)C,w — 2f3{w)u. 

In fact, let v = D„(Ctt;) — 2a{u)C,w + 2f3{w)u. That v = {) will clearly follow from (7.1) once 
we show that h{v, w') = G for every V-projectable local vector field w' in M. To this end, note 
that (S.l.c), (8.1. a) and the Leibniz rule give a{u)C,{w,w') = du[h{C,w,w')\ = (3{w')6{u,(w) + 
h(Dy,{Cw),w'), and so, by (S.l.f), h(Du{Cw),w') = a{u)Ciw,w') - 2p{w')h{u,w). Thus, 
h{v,w') = —a{u)({w,w') — 2(3{'w')h{u,w) + 2f3{w)h{u,w')^ which vanishes in view of (8. 3. a). 

Remark 8.2. The conclusion in Remark 8.1 was obtained without using condition (8.1.b). 

Remark 8.3. If {M,V,D,h,a, (3,d,Q is a basic octuple, then a = 6(u, ■) on V, where u 

is the unique section of V with h{u, ■) = (3. (Its existence and uniqueness arc immediate 
from (7.1), since (8.2.ii) allows us to treat (3 as a section of [[TM)/V]*.) Namely, writing an 
arbitrary section of V as C,w, which is allowed in view of (8.2.i), we see that, by (S.l.g) and 
(8.1.f), a(C'w) = 2p{w) = 2h{u,w) = e{u,Cw). 

Our interest in basic octuples is due to the fact that they naturally arise in the strictly non- 
Walker case of our geometric situation. Specifically, we have the following result. 

Theorem 8.4. Given a neutral-signature oriented self-dual Einstein four-manifold {M,g) of 
Petrov type III, let us define a, (3,^,6, V o,s in Lemma 5.2, denote by D the restriction of 
the Levi-Civita connection of g to the leaves of V, and declare h to he the partial metric 
for (M, V) obtained by restricting g to V and TM. If fj ^ everywhere in M, then 
{M,V,T),h,a, (3,9,Q is a basic octuple. 

Proof. According to Lemma 5.2(i), (V, D) is an affine foliation, while the partial metric h for 

(V, D) is skew-affine in view of skew-symmetry of 9 and the equality du[g{v, w)] = (3{w) 9{u, v) 
in Lemma 5.2(iii), which also yields (8.1. a). Next, (8.1.e) follows from the third equality in 
Lemma 5.1(c) with ^ = W+, as V„w = V„v' = 0. (Note that (5.2) gives r]v = V and 
r]{v,v') = g{v,v') = 0, since V is null by Lemma 5.2(v).) Conditions (8.1.h) and (8.1.g) 
are in turn immediate from Lemma 5.2(v) and, respectively, the equality 2r]P -\- = in 
Lemma 5.1(f) with ^ = W^, as the vector field corresponding to P via g is a section of V 
(see Lemmas 5.1(e) and 5.2(v)), so that rjP = P by (5.2). 

On the other hand, (5.1.ii) for ^ = W+ and (3.11) imply that ((6* + 6*0/2 = -Id. Also, 
by Lemma 5.2(v), ( vanishes on V, while 6 vanishes on H and maps V onto H. The last 
equality now shows that the composite 9(, treated as a morphism TM TM, equals —2 
times Id on H, and on V, which, combined with skew-symmetry of 9, yields (S.l.f). 

Furthermore, using the first equality in Lemma 5.1(c) with 'F = and the Leibniz rule, 
we see that the left-hand side in (8.1.c) equals a{u)C,{w,w') plus a{u)C,{w,w')-\-C,{yuW,w')-\- 
C,{w,Vuw'), since [3{u) = by Lemma 5.1(d). Replacing VuW with [V^i/;]^ = [Vto""]^ (cf. 
(8.1.h) and Remark 3.1), and using Lemma 5.2(vi), and setting w" = 9u, we can rewrite 
this last expression as a(u)C{w,w') + P{w)({w",w')P{w')C{w,w"), which vanishes in view of 
Remark 3.4. (As in the last paragraph, we see that the morphism (9 : TM — > TM equals —2 
times Id on V, and so, by (S.l.g), a{u) = -a{Cw")/2 = -^{w").) 

Next, for ti, w as in (S.l.d), /3(n) = f3{[u, w\) = and (^n = by Lemma 5.1(d), Remark 3.1 
and (S.l.h), so that, evaluating {dj3 -\-2l3 f\a)(u,w) from (3.1) and then using the first equality 
in Lemma 5.2(iv), we get (S.l.d). 

Finally, by (7.2), equality (S.l.b) amounts to the relation [Dua](ti) = a{u)a{v) for all 
sections u,v of V. Thus, since V = Ker^ = Im(; (see Lemma 5.2(v)), (S.l.b) will follow if we 
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prove the latter relation for v = (,w, where w is any V-projectable local vector field. However, 
as [Dua]{(w) = du[(x{(w)] — a(Dy,{(w)) , while Du{(w) may be replaced by 2a{u)(w—2P{w)u 
(which is allowed according to Remark 8.2), (S.l.b) is immediate from (S.l.d) and (S.l.g). □ 

Our discussion of basic octuples can be simplified as follows. Let us assume, for the remainder 
of this section, that /i is a skew-affine partial metric for a two-dimensional affine foliation 
(V, D) on a manifold M of dimension four. 

Given a,f3,C,,9 such that (M, V, D,/i, a,/?, is a basic octuple, we may choose, locally 
in M, a positive function ^ with a{v) = — d^log^ for all sections v of V. (In fact, by (3.1) 
and (S.l.b), the restriction of a to every leaf of V is a closed 1-form.) Rephrased in terms of 
(p, (S.l.b) states that dud^(t> = 0, and hence 

(i) the restriction of (f) to each leaf of V is a nonconstant positive affine function. 
Note that (p is nonconstant since /3 / everywhere, and so a / everywhere by (S.l.g). 

If one now sets a = (pa, $ = (jP'fd, C, = (pC, and = 4>~'^0, then, according to (8.1), 

(ii) /3 7^ everywhere, rank C = 2 everywhere, and Ker C = V, 

(iii) a{u) = — duCp, 0{v,(w) = 2(p~^h{v,w), a{(^w) = 2f3{w) and du[h{v,w)] = (3{w)6{u,v), 
while f3{w), 9(v,v') and (^{w,w') are constant along V, for any D-parallel sections 
u, V, v' of V and V-projectablc local vector fields w, w' in M. 

Conversely, if sections aJxJ of V*, T*M, [T*M]^'^, [V*]^^ and a function (p : M ^ JR satisfy 
(i) - (iii), a basic octuple (M, V, D, h, a, (5, 6, Q can clearly be defined by setting 

(8.4) a = (p-^a, /3 = 0-^/3, C = (p-'^C, e = (p^§. 

9. Two-plane systems 

By a two-plane system we mean a sextuple {T,,^,t,II,c, f2) consisting of a real affine space 
S and a real vector space 11 with dimS = dim 11 = 2, two linearly independent constant 
1-forms ^, r on S, a nonzero constant vector field c on IT, and a nonzero constant 2-form i? 
on n. (In other words, c G H \ {0} and Q £ [n*]^^ ^ |o}.) 

Any two-plane system (S, ^, r, 11, c, J?) gives rise to a basic octuple {M,V,D,h,a, P,9,Q 
defined as follows. Let n-|_ C 11 be the open set on which i7( • , c) > 0. Thus, n_|- is a 
connected component of 11 \ A, for the line A = IRc spanned by c in 11. On the four- 
dimensional product manifold M = S x 11+ one has the two-dimensional affine foliation (V, D) 
formed by the distribution V tangent to the 11+ factor and the standard fiat torsionfree 
connection D on each leaf of V, the leaf being identified with the open set 11+ in the plane 
n. Next, we denote by X the radial vector field on 11, that is, the identity mapping IT ^ 11 
treated as a vector field on 11. Vector fields on the factor manifolds S and 11+ , including 
constant fields v (such as v = c) and the radial field X on 11 (restricted to 11+ ), and all 
vector fields w on E, will also be treated as vector fields on M = S x 11+ , tangent to the 
factor distributions. Similarly, we will use the same symbols for differential forms on S and 
n+ as for their pullbacks to M. Thus, ^ and r are now 1-forms on M, and J? is a 2-form 
on M. Using these conventions, we declare h to be the partial metric for (M, V) such that, 
for all vector fields v,u on 11+ and w on H, treated as vector fields on M, 

(9.1) a) h{v,u)=0, b) h{v,w) = f2{Yyj,v), where c) Yy^ = ^{w)X + t{w)c, 

X being the radial field on 11. Thus, for u,v,w as above, du[h{v,w)] = ^{w)f2{u,v). Skew- 
symmetry of f2 now implies that ^ is a skew-affine partial metric for (V, D). 
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Conditions (i) - (iii) at the end of Section 8 are in turn satisfied if one sets 

(9.2) (j) = n{X,c), a = - d(/> (on V) , /3 = C, C = 2CAt, 9 = 0{onV). 
In fact, (i) - (iii) follow since, for vector fields v on n_|_ and w on T,, one clearly has 

(9.3) h{c,w) = ({w)^, h{X,w) = -t{w)^, (w = -2^''^Yyj , a{v) = f2{c,v) , 

with (w defined as in the lines following (8.1). 

Consequently, formula (8.4) defines a basic octuple (M, V, D, ^, a, /?, ^, (^), naturally associ- 
ated with (S, ^, r, n, c, 17). 

We will use the following well-known lemma to prove Theorem 9.2, stating that all basic 
octuples represent just one local diffeomorphic type. 

Lemma 9.1. Given a manifold S of dimension m, a point y € T,, a differential m-form 
u on S, and closed l-forms C^, which are linearly independent at y, there exists a 

closed 1-form t on a neighborhood U of y such that u = /\ . . . A At on U. 

Namely, choosing a closed 1-form ^"^ on a neighborhood of y so that . . . , ^"^ are linearly 
independent at y, we have = dy^ for some local coordinates y^ at y and j = 1,... ,m, 
so that we may set t = dx, where x is a function defined near y with the partial derivative 

^p = dx/dy"'' characterized by u = ipS,^ A ... A 

Theorem 9.2. All basic octuples, at all points in their underlying four-manifolds, represent 
one single type of local diffeomorphic equivalence. 

In other words, if (S, ^, r, 11, c, i?) is a fixed two-plane system, then every basic octuple is 
locally diffeomorphically equivalent to the basic octuple associated with (S, ^, r, IT, c, J7). 

Proof. Given a basic octuple (M, V, D,/i, a,/3, ^,C), let us choose 4> and the corresponding 
objects 9 as at the end of Section 8. A neighborhood of any given point of M may, 

clearly, be diffeomorphically identified with an open subset of the total space of a real affine- 
plane bundle A over a surface S in such a way that V and D become the vertical distribution 
and the standard flat torsionfree connection in each fibre of A (treated as an open set in an 
affine plane). Since 4>, restricted to each fibre of A, is a nonconstant affine function, its zero 
set is the total space of a real affine-line subbundlc J of A- Conditions (i) (iii) at the end 
of Section 8 will remain unaffected if we multiply </) by any positive function S ^ IR (pulled 
back to the total space A), at the same time multiplying a.,P,(^,9 by its appropriate powers. 
A suitable choice of such a positive function allows us to assume that $ is closed. (Note that 
and C are the pullbacks to ^ of a 1-form and a 2-form without zeros on the surface S.) 
Setting ^ = /?, we may now use Lemma 9.1 (with m = 2, v = C/2 and = to select, 
locally, a closed 1-form r in S with ( = 2^ A t. 

Let us also set Q = 9 and c = (f)^u, for the section tt of V defined in Remark 8.3. Then, on 
V, we have dcf) = f2{- ,c) (in other words, dycf) = f2{v, c) for every section v of V). This is clear 
since, on V, (iii) in Section 8 and Remark 8.3 give d(j) = —a = —<j)a = (j)~'^9{ ■ ,c) = 9{- ,c) = 
]?(• ,c). On the other hand, as h{u, ■) = f3 (see Remark 8.3), it follows that h{c, •) = (j)^^, 
and, consequently, dy[h{c,w)] = ^{w)dy4> = (,{w)f2{v,c) for every V-projectable local vector 
field w in A and every section v of V. At the same time, (8.1. a) and the Leibniz rule give 
dy[h{c,w)] — h(DyC,w) = P{w)9{v,c) = ^{w)f2{v,c), so that D„c = 0. Hence c, restricted to 
each fibre of A (which is an open subset of an affine plane), is a nonzero constant vector field. 
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Any fixed local section z ol J gives rise to the section X of the vertical distribution 
V on v4, with the value at x G v4 equal to a: — z^i^^^ where tt is the bundle projection. 
(Thus, X restricted to the fibre of A containing x is the radial vector field relative to 
the origin z^(^x)-) Then ^ = Q{X,c). In fact, as we saw above, d4> = f2{-,c) on V, so 
that (!> and f2{X, c) have the same dy-dcrivativc for any section v of V, and, consequently, 
differ in each fibre of „4 by a constant, while, due to our choice of z, they both vanish 
at the origin z.,r{x) in the fibre containing x. Defining a 1-form r on the total space A 
by r = —(f)'~^h{X, •), we in turn obtain h{v,w) = f2{Yyj,v), with Yyj = ^{w)X + t{w)c, 
for all sections v oi V and all vector fields w. Namely, since c and X span V away 
from J', it suffices to consider the cases v = c and v = X , in which the required equality 
follows since h{c,w) = ^{w)(p = ^{w) f2{X , c) (as we saw earlier) and h{X,w) = —t{w)4> = 
T{w)f2{c,X) (by the definition of r). Suppose now that w is a V-projectable local vector 
field in A and is a section of V. By (8.1. a), dv[h{u, w)] = ^{w)f2{v,u) if n is a D-par- 
allel section of V, while, as shown above, dcp = i7( • , c) on V. Thus, the Leibniz rule yields 
d^[T{w)] = -dy[(l)-^h{X,w)] = -<j)-^C{w)^2{v,X) -(j)-^h{v,w) + <t)-'^ Q{v,c)h{X ,w). Since 
h{v,w) = f2{Yuj,v). we get (i^[r(u))] = 0, and so r is the pullback to ^ of a 1-form in S. 
Furthermore, C = 2^ A r as a consequence of (8. 3. a) with ^ = $ = 0^/3, the definition of r, 
(S.l.ii), and the relation a{X) = — 1 (immediate since, on V, we have dcf) = —a = —4>a and 
dcf) = f2 {■,€), while (f) = f2{X,c)). As ( = 2^ At for the closed 1-form r selected earlier, 
there exists a function ^ in S with T = T + ^|J^^. Replacing z by z — ipc causes X and r to 
be replaced by X + ^pc and, respectively, by r. With z — ipc (the new choice of z) declared 
the zero section, our affine-plane bundle A may be treated as a vector bundle "P, in such a 
way that c and i? are sections, both without zeros, of V and ["P*]^^. Choosing, locally, a 
section a oi V with J7(a, c) = 1, wc obtain a local trivialization a, c of V, which allows us 
to view P as a product bundle of the form S x IT. Sections of V now become functions on 
S valued in the vector space H, with c corresponding in this way to a constant function (an 
element of 11). Finally, S may be identified, locally, with the space IR^ so as to make ^ and 
r correspond to dy^ and dy^, for the standard coordinates in IR^. The resulting two-plane 
system (E, ^, r, 11, c, Q) clearly has (M, V, D, h, a, (3, 9, Q as its associated basic octuple. □ 



10. Horizontal distributions 

By a horizontal distribution for a basic octuple {M,V,T),h,a, P,6,Q, cf. Section 8, we mean 
a vector subbundle TC of TM with TM = n®V. 

Any such Ti gives rise to a neutral-signature pseudo-Riemannian metric g on M. Namely, 

(10.1) g is the unique total-metric extension of h such that 7i is g'-null. 
We denote by V the Levi-Civita connection of g, and by 7 the 1-form on M with 

(10.2) g{Vww',w") = —j{w)(^{w',w") for all vector fields w and sections w',w" of H, 

7 being well defined since ^ trivializes Ti^^, while skew-symmetry of g{S/w'w',w") in w',w" 
implies its valuewise dependence on w, w' and w". li v is a section of V, we let 9v stand for 
the unique section of H such that g{9v,u) = 9{v,u) whenever n is a section of V. 
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Next, we denote by R the curvature tensor of g, and by tj the 2-form satisfying (5.2) with 
our V, H and g, so that, for sections v,v' of V and w,w' of H, 

(10.3) r){v,v') = r){w,w') = 0, rj{v,w) = —ri{w,v) = h{v,w) . 
The symbol w will be used for the unique section of H with 

(10.4) h{v, w) = a{v) for all sections v of V. 

That (10.4) defines w uniquely is clear from (10.1), since TM = © V. For this w, 

(10.5) i) ({^,10) = a{Cw) = 2P{w), ii) p{w) = 0, 

where w in (i) is an arbitrary vector field. In fact, (10.4) and (S.l.g) yield (10. 5. i), while 
(lO.S.ii) follows from (10. 5. i) along with skew-symmetry of C. 

Three further objects associated with a horizontal distribution H for (M, V, D, h, a, /3, 9, Q 

are extensions of the "partial" diff'erential forms a, 9 (see Section 8) to differential forms on 
M, still written as a, 9, which are given by a{w) = 2^{(w) and 9{w, •) = for sections 
w of Ti, with 7 and (^w as in (10.2) and (S.l.f), and a 1-form Z on M characterized by 
Z{w)C = Vy;C-2a{w)C on H, that is, Z{w)C{w',w") = 2[VyjC]{w',w") - 4a{w)C{'w',w") for 
any sections w',w" of TC, and any vector field w. Note that we thus have Ti. = Ker9, and Z 
is well defined, since (" trivializes Ti.^'^. 

For simplicity, our notation ignores the dependence of g, V, 7, 9v, R, rj, W, a, 9 and Z on TC. 

Lemma 10.1. // 7i is a horizontal distribution for a basic octuple {M,V,D,h,a, (3,9,(^), and 
w is the section of H defined by (10.4), while (p is chosen as at the end of Section 8, then 
the vector field (j)w is V-projectable. 

Proof. Let It; be a V-projectable local section of H, chosen so as to agree with (pw at all 
points of a given surface S' embedded in M and transverse to V. Since P{w) = on S' by 
(10.5.ii), relation (S.l.d) combined with uniqueness of solutions for first-order linear ordinary 
differential equations gives P{w) = on the union U of all leaves of V that intersect T,'. 
However, /3 / everywhere, and so TYflKer/? is spanned by w, cf. (10.5.ii) and (8.2.ii). 
Thus, w = x4>^ oil where x is some function without zeros. For any V-projectable local 
section w' of (iii) in Section 8 implies that (f)C,{w,w') and 4>^l3{w') are constant along V, 
while, by (10.5.i), 4>({w,w') = x^'^C{w,w') = —2x4>^l3{w'). Hence x is constant along V, and 
(f)W = x~^'^ is V-projectable. □ 

11. Properties of the associated metric 

Let be a horizontal distribution for a basic octuple (M, V, D, h, a, P, 9, C). We have 

(11.1) a) Vt,u = Dt,M, b) VvW = (3{w)9v — j{v)(uj , 

whenever w; is a V-projectable local section of H and u, v are sections of V. (As before, (^w 
denotes the section of V appearing in (S.l.f), and g,V,9v,'-f are defined as in Section 10.) 
In fact, (11.1. a) follows since, by (3.3), VyU = for sections u,v of V which are V-parallel. 
Namely, gCV^u, w) = both when w is a section of V (all six terms resulting from (3.3) then 
vanish as V is integrable and g-miU), and when w; is a V-projectable section of H (the last 
four terms in (3.3) vanish, again, according to Remark 3.1, while the sum of the first two is zero 
in view of (8.1. a) and skew-symmetry of 9). Similarly, to obtain (ll.l.b), we take the ^-inner 
product of both sides with any section of H, or, respectively, with any V-parallel section u 
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of V (assuming v to be V-parallel as well): in the former case the equality is obvious from 
(10.2); in the latter, as V is ^-null, the right-hand side yields P{w)0{v,u), which, by (8.1. a), 

is the same as g(VvW,u) = dv[g{w,u)] = (i„[/i(«, w)]. 

Also, for sections f of V and w, w' of 7f, with 9v and Z as in Section 10, 

(11.2) i)C,ev = -2v, \i)eC,w = -2w, m)Z{v) = Q, w) [Vy,w']^ = --f{w)Cw' , 

[ Y denoting the V-component relative to the decomposition TM = © V. Namely, for 
such V and w, (S.l.f) gives —g{(6v,w) = g{Cw,9v) = 6{v^C,w) = 2g(v,w) and, similarly, 
—g{9(w,v) = 9{v,(,w) = 2g{w,v), so that (11. 2. i) and (11.2.ii) follow as V and H are ^r-nuU. 
On the other hand, in view of (S.l.c) and the Leibniz rule, the definition of Z in Section 10 
gives — Z{v)C{w,w')/2 = ({VyW.w') + ({rVj'Vvw') + a{v)C{w,w') for any V-projectable local 
sections w,w' of H. Since C{VyW,w') = 2(3{w)h{u,w') by (ll.l.b), (8.2) and (11.2.i), the 
relation Z(v) = is now immediate from (8. 3. a). Finally, (11.2.iv) is an obvious consequence 
of (10.2) and (10.1). 

Furthermore, for any V-parallel sections u, v of V, 

(11.3) Vu{ev) = 2j{u)v - 2a{u)ev. 

To verify (11.3), we will show that both sides have equal ^-inner products with any V-parallel 

section v' of V, and with any V-projectable section w of Ti. For v', this is clear as 9(v,v') 
equals h{9v,v'), that is, g{9v,v'), and so applying wc get, from (8.1.e), g{'Vu{9v),v') = 
—2a{u)9{v,v'), as required. (By (11.1. a), V^f ' = 0, while g(v,v') = since V is (?-null.) For 
w, (10.1) allows us to differentiate by parts, obtaining g{Vy,{9v),w) = —g{VuW,9v). In view of 
(10.2), the last expression equals j{u)({w,9v) = —j{u)g{(^9v,w), which, by (11. 2. i), coincides 
with 2j{u)g{v,w). 

Lemma 11.1. Given a horizontal distribution H for a basic octuple {M,V,T),h,a, I3,9,Q, 
let gjVj^jZ and R be as in Section 10. Then, with R{w , w' , u, v) given by (3.6), 

(i) R{v,v')v" = for all sections v,v',v" of V, 

(ii) ^{w)(,{w',w") = g(vj,[vj',vj"]) for all sections w,w',w" of TC, 

(iii) R{w,u)v = 'Vu^w'v = ^u[w,v] + 2l3{w)j{u)v — Du[^{v)(w] whenever u,v are V-parallel 
sections of V and w is a V-projectable local vector field in M, 

(iv) R{u,v,w,w') = [{d'y){v,u)]({w,w') + 'y{v)[VuC]{w,w')—'y{u)[VvQ{w,w') for all sections 
w, w' of H and all vector fields u, v, 

(v) R{w,w' = C,{w,w')[r — ^ f\Z -\-'q/2\-\-K^f\^' for any real constant K and sections 
w,w' of H, with $, = g{w, ■), ^' = g{w', ■) and T = d'y -\- 2a A - {K9 -\- ri)/2. 

Proof. Flatness of D, (3.4) and (ll.l.a) yield (i). Next, (10.1) implies (ii): by (10.2) and 

(3.3), 2^{w)aw',w") = -2g{Vu,w',w") = - g{w' ,[w'\w]) - g{w" ,[w,uj']) + g{w,[w' ,w"]) = 
2g{w,[w\w"]). The last equality follows here from Remark 3.4, since the dependence of 
g{w,[w\w"]) on w',w" is both skew-symmetric and valuewise (in view of (10.1), one may 
replace [w',w"] with its V-component [w',w"]^). 

In (iii), R{w,u)v = Vu^wV by (3.4) and Remark 3.1. The other equality is now immediate 
from (ll.l.b), since V^f = [w,v] +VyW, and (ll.l.a) combined with Remark 3.1 imply that 
Vu[u;, f] = D„[u),f], while Vu[Piw)9v] = 2j3{w)^{u)v in view of (8.1.d) and (11.3). 

For u,v,w,w' as in (iv), the Leibniz rule and (10.2) give g{S/ySyW,w') = —du['y{v)C,{w,w')\ — 
g{VyW,Vuw'). As V and H are 5-null, g{VvW,Vuw') = g{[Vyw]'^,Vuw') + g{VvW,[Vuw']'^), 
where [ ]^ denotes the H-component. Using (10.2) and (8.1.h), we now obtain g{VyW, Vuw') = 
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— ^{u)(,{w','Vvw) — 'y{v)({w,'Vuw'), and (iv) easily follows from the above equalities combined 
with (3.6), (3.4), (S.l.iii), (10.2) and the Leibniz rule. 

Finally, (v) is immediate from (iv), the definitions of Z and 9 in Section 10, and (S.l.ii), 
since (8.3.b) gives ({w,w')6{u,v) = 2[g{w,u)g{w',v) — g{w',u)g{w,v)] for any sections w,w' 
of 7^ and any vector fields u,v. □ 

Lemma 11.2. Let {M,V,T),h,a, f3,9X) be the basic octuple obtained as in Section 9 from a 
given two-plane system (S, ^, r, IT, c, i7). Then the distribution H on M = S x n_|_ tangent 
to the factor plane T, is a horizontal distribution for {M,V,D,h,a,P,9,0> the metric g on 
M is fiat, Ti. is g-parallel, and 7 = 0, where g and the 1-form 7 are associated with H. as 
in Section 10. 

Proof. We fix a function / : S — > IR with df = ^. For n, v G 11, let be the 1-form on 
M equal to h[v, ■) on Ti and to f2{u — fv, •) on V. As the 1-forms ^, r on E are constant, 
and hence closed, using (9.1) and (S.l.iii) wc easily verify that dx^'" = for all u,v 

The assignment (u, v) x""'^ is a linear operator, with the domain 11 x 11, and so its image 
X is a, vector space. The 5-inner product g{x,x') of any X;X' ^ is constant on M. In 
fact, we may assume that X = x' = x"'"- Now, as v is the V-component v?^ of the vector 
field w such that x = 5(^) ')> while V and Ti are (/-null, we get (7(X)X)/2 = g{w^,w^) = 
g{w,w^) = x(^^^^) = %(''-') = i^{u,v) due to skew-symmetry of i?, as required. 

Any fixed basis of X thus consists of forms which, locally, are the differentials of functions 
forming a coordinate system in M. According to the last paragraph, the components of g 
in such coordinates are constant, so that g is flat, and all x"'^ arc (/-parallel. Hence Ti is 
g'-parallel, being the simultaneous kernel of all x"'^ with v = 0. Finally, as Ti is s'-parallel 
and g-mill, (10.2) gives 7 = 0. □ 

Remark 11.3. For {M,g) satisfying the assumptions of Theorem 8.4 and such that /? 7^ 
everywhere in M, let {M,V,D,h,a, f3,9,Q be the corresponding basic octuple. Then 7 
defined by (10.2) is the same as in Lemma 5.1(c) with ^ = W^. In fact, letting 7 stand for the 
latter, we have, by (5.2), -g{Vy,w',w") = g{Vu,{vw'),w") = g{r]{Vu,w'),w") - g{[Vu,vW,w") 
whenever w', w" are sections of Ti and w is any vector field. On the other hand, (5.2) gives 
g{v{'^ww'),w") = —g{\7ww',rjw") = g{\7ww',w"), and, as 9w' = (see Lemma 5.1(a)), using 
Lemma 5.1(c) we get g{['\/u)r]]w',w") = 2'y(w)(^(w',w"). 

Furthermore, with u denoting the section of V defined in Remark 8.3, the function 7(n) 
is a local geometric invariant of g, since so are V, a, /3, 7 (due to the uniqueness assertions in 
Lemma 5.1), and, consequently, u. 

12. Curvature conditions 

Our next goal is to determine which horizontal distributions Ti for a given basic octuple 
{M,V,D,h,a, fj,9,(,) lead to metrics g that are Einstein and, at the same time, self-dual of 
Petrov type III. Rather than approach this property of g directly, we begin by describing some 
conditions, namely, (a) - (d) in Theorem 12.2, which are equivalent to it, yet easier to verify. 
We refer to them as curvature conditions, since the curvature tensor R explicitly appears in 
(a), while (b) and (d) involve the curvature forms of the Levi-Civita connection in the bundle 
A^M, expressed in terms of the connection forms a,/3,7. 
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Lemma 12.1. If H is a horizontal distribution for a basic octuple {M,V,T),h,a, f5,6,Q, and 
K is a real constant, while g, R and rj correspond to Ti. as in Section 10, then the following 
two conditions are equivalent: 

(i) M is orientable and, for a suitable orientation, (M, g) is a self-dual Einstein four-man- 
ifold of Petrov type III, its scalar curvature equals 12K , while our{M,V,D,h,a, f3,6,Q 
and TC coincide with those determined by g as in Theorem 8.4 and Lemma 5.2, 

(ii) 2R = C'^'? + '?<S)C + 97 where the notation of (3.8) is used. 

Proof. That (i) implies (ii) is obvious from Lemma 5.2(ii) and (3.1.i). Next, let us assume (ii). 
The Ricci tensor of g then equals SKg. (The Ricci contraction applied to C<^'7 + ^<^C yields 
0, as V = Ker^ = ImC according to (8.2), so that ( sends Ker (?? it Id) into Ker (77 =Fld), 
and hence anticommutes with rj.) Therefore, by (3.8), the Weyl tensor W of g' is equal to 
(C ® ^ + ^ ® C)/2- The hypotheses of Lemma 4.3 are thus satisfied by our (M, g) and k = 2, 
since the 2-forms (, and r], spanning the image of W, are linearly independent at each point 
by (8.1.h) and (5.2), while the relations (C,"^) = (C)C) = iViV) = ~2 (immediate from 
(3.9.b), as Cry anticommute, Ker(" = Im(", while r]rj = Id) show that the image of W is 
( , )-degeneratc, but not ( , )-null. Now Lemma 4.3(iii) yields (i). □ 

Theorem 12.2. Under the assumptions of Lemma 12.1, condition (i) in Lemma 12.1 holds if 
and only if, for all sections u, v of V, and w of H, with g, V, R, a, 9, 7 as in Section 10, 
(a) R{w,u)v =Kh{v,w)u, (b) dp + 2/3 A a = -K(,/2, 

(c) [V^e]{u,v) = -2a{w)eiu,v), (d) {d^ -\- 2a Aj){- ,w) = g{- ,w)/2. 

Proof. Assuming condition (i) in Lemma 12.1, we obtain (c) (or, respectively, (b) and (d)) 
from Lemma 5.1(c) with ^ = or, respectively, from Lemma 5.2(iv), cf. Remark 11.3. Note 
that Tj satisfies (5.2), and hence (10.3), cf. Lemma 5.1(a), while 6{ - ,w) = hy Lemma 5.2(v). 
Also, a{w) defined in Section 10 is the same as in Lemma 5.1 with ^P' = W~^, as 9w = and 
r)w = —w by Lemma 5.2(v) and (5.2), and so the equality 2C,^-\-ria-\-6j3 = in Lemma 5.1(f), 
evaluated on w, gives = —0{6w) — a{r]w) — 2j{(w) = a{w) — 2^{(w). 

Next, if (i) in Lemma 12.1 holds, so docs (ii). Since, for sections u,v of V, Lemma 5.2(v) 
gives C{ - ,u) = ({v, •) = and g{u, v) = 0, while g{u, ■ ) = h{u, ■ ), this yields (a). 

Conversely, suppose that (a) - (d) are satisfied. 

For sections w of H and u of V, using the notation of (3.2.i), we now have 
(12.1) [V^6']u = -2a{w)eu + 2-f{w)u. 

This is verified by taking the y-inner products of both sides in (12.1) with sections v of V 
and w' of H. In the former case, the agreement is obvious from (c), as V is 5-null. In 
the latter, the Leibniz rule implies that [Vw9]{u,w') = —9{u,Vu,w') = —9{u, [V^w']"'^), with 
[ ]^ denoting the V-component (since 9{-,w') = 0, cf. Section 10). The required equality 
[Vu)9]{u,w') = 2'y{w)h{u,w') now follows from (11.2.iv) and (8.1.f). 

If w,w' are sections of H, using the Leibniz rule we obtain 9[{VwC)w'] = 9[Vw{Cw')] — 
9CVww' = VyjieCw')-[Vy;9]Cw'-eCVW- By (11.2.n) and (S.l.h), OCw' = -2w' and 9CVyjw' = 
[Vujw']'^ (the 7^-component of V-^w'), so that (12.1) applied to u = (^w' yields 9[{VujC)w'] = 
-2[Vyjw']^ + 2a{w)9Cw' -2j{w)(w'. Thus, (11.2.iv) gives Z{w) = for all sections w of H, 
where Z is the 1-form defined in Section 10. (We have just shown that Z{w)C{w',w") = 
for sections w,w',w" of H with w" = 9u for some vector field u, while such w" range over 
all sections of H due to (11.2.ii).) 
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Combined with (11.2.iii), the conclusion of the last paragraph yields Z = 0. In addition, 
r{w, ■) =0, for the 2-form F appearing in Lemma 11.1 (v), and all sections w of H. Namely, 
(10.3) and the definition of 6 in Section 10 give r){- ,w) = h{- ,w) = g{-,w), cf. (10.1), and 
e{-,w) =0, so that r{-,w) =0 by (d). 

In view of Lemma 12.1, it now suffices to verify that both sides in Lemma 12.1(ii) yield the 
same value when applied to any quadruple of vector fields, each of which is a section of H 
or V. In the following discussion of the possible cases, we will evaluate the right-hand side in 
Lemma 12.1(ii) on the four vector fields using, without further explanation, relations (10.3) 
and (S.l.h) along with the fact that V and 7i are both g-mill. Due to well-known symmetries 
of R, only four cases need to be considered. 

When three or four of the vector fields are sections of V, both sides vanish (Lemma ll.l(i)). 

When the first vector field is a section of H, while the second and third ones are sections of 
V, both sides yield the same value in view of (a). 

When the first two vector fields are sections v,u of V and the third one is a section w 
of V, the first Bianchi identity gives R{v,u)w = R{w,u)v — R{w,v)u, and our equality is an 
obvious consequence of (a). 

Finally, when the first three vector fields are sections of 7i, the required equality is immediate 
from Lemma ll.l(v), since, as we saw, r{w, •) = 0. □ 

Remark 12.3. The reader may have noticed that relation (b) in Theorem 12.2 was not used 
in the second (sufficiency) part of the proof. In other words, (b) is a consequence of (a), (c) 
and (d). It is nevertheless convenient, due to the structure of our argument, to list (b) as a 
separate condition. See the proof of Lemma 17.2. 

13. Deformations of horizontal distributions 

Horizontal distributions for a fixed basic octuple (M, V, D, h, a, (3, 6, Q may be thought of as 
arbitrary sections of a specific locally trivial bundle C over M. Its fibre Cx at x £ M consists 
of all vector subspaces 7ix C T^M with I^M = TCx © Vx ■ One can turn C into an affine bundle 
over M, having as its associated vector bundle the subbundle of Hom(rM, V) with the 
fibre !Fx at any x E M formed by all operators I^M — > Vx sending Vx to {0}. Thus, 

(13.1) sections F oi are morphisms TM TM valued in V and vanishing on V. 

Specifically, given a horizontal distribution V. and a section F of J^^ we declare the sum 
H = H + F to be a new horizontal distribution for (M, V, D, h, a, (3, 9, Q, the sections of which 
have the form w = w + Fw, with w ranging over all sections of Tl. 

A section F oi J- associates with any twice-covariant tensor field 6 on M two further 
tensor fields, F.b and F*b, defined by (F.b){v,v') = b{Fv,v') + b{v, Fv') and {F*b){v,v') = 
b{Fv,Fv') for arbitrary vector fields v,v'. Next, we denote by {F} the function M ^ JR 
equal to —1/4 times the (pointwise) trace of the bundle morphism Ti ^ TC sending a section 
w ol 7i to the section 0v of TL defined as in Section 10 with v = Fw. For any vector fields 
w, w' on M, and any morphism # of TM into any vector bundle over M, vanishing on V, 

. . i) h{Fw,w') - h{Fw',w) = 2lF}aw,w'), 

^ ^ ii) 2(3{w)^w' -2(3{w')^w = C{w,w')m, 

with W as in (10.4). Namely, since V is ^-null, both sides in (13.2.i) and (13.2.ii) equal 
due to (13.1) and (8.2.ii) when one of w,w' is a section of V. We may therefore assume that 
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w and w' are sections of Ti. Remark 3.3 gives —4:\F\C,{w,w') = C,{OFw,w') + ({w,6Fw') = 
h{CeFw,w') - h{C9Fw',w), and so (11.2.i) now implies (13.2.i), while, by (10.5.i), 2P{w) = 
({w,w) and —2P{w') = ({iD,w'), and hence (13.2.ii) follows as ({w,w')^W summed cyclically 
over w,w',W yields in view of Remark 3.4. 

Lemma 13.1. Let Ti he a horizontal distribution for a basic octuple {M,V,T>,h,a, P,6,C). If 
g,'j,w and the 1-form a on M are associated with 7i as in Section 10, and F is a section 
of T, then g^a^^ and their analogues g,a,^ corresponding to the horizontal distribution 
7i = H + F are related by 

a) 9=9— 

b) 5 = a - F*a - 2d^^^.)lF\ - ^lF}f3 + 2h{FW, ■), 

(13.3) c) ^{v)=^{v)-d4F^-lF^a{v) + e{Fw,v)/2, 

d) [^{w) --i{w)]C,{w',w") = h{[w',Fw"],w) + h{[Fw',w"],w) 

+ h{[Fw',Fw"],w) -h{F[w',w"],w), 

for \F\ defined above, whenever v is a section of V and w, w', w" are V-projectable local 
sections of 7i, the section w of 7i = 7i + F is given by w = w + Fw, while F*a and di^^.^f, 
for any function f, denote the 1-forms such that [F*a]{u) = a{Fu) and [d(^(.)f]{u) = d^uf 
for all vector fields u. 

Proof. Let g' be the right-hand side of (13. 3. a). We thus have g'{v, ■ ) = g(v, ■ ) = h{v, ■ ) for 
sections i; of V (in view of (13.1), since V is 5-null), and, for the same reason, ^'(S, S) = 
if Si is a section of H (that is, w = w + Fw for some section w of H), which proves (13. 3. a). 
For V-projectable sections w, w' of Ti, and a V-parallel section v of V, one has 

(13 4) -2'y{v)C,{w,w') = dw[h{v,w')] - d^u,'[h{v,w)] 

+ h{[w',v],w) + h{[v,w],w') — h{v,[w^w']), 

where we write h rather than g since, in each inner product, one of the vector fields involved 
is a section of V, cf. Remark 3.1. This is immediate from (10.2) combined with (3.3); the first 
of the six terms provided by (3.3) vanishes here in view of (10.1). 

As (13.4) holds for any horizontal distribution, including it remains valid if one replaces 
'y{v),w and with ^{v),w = w + Fw and w' = w' + Fw'. Since Fw and Fu;' are sections 
of the ^-nuU distribution V, Remark 3.1 implies that the right-hand side of the analogue of 

(13.4) corresponding to the triple {H,w,w') equals its original version for {H,w,w') plus 

(13.5) dFwlK'f^^'^"')] - dFw'[hiv,w)] + h{[Fw',v],w) + h{[v, Fw],w') . 

On the other hand, by (8.1. a) and (13.2.ii) with # = F, for any V-parallel section v of V, 

(i) dFw[h{v,w')] - dFu,'[h{v,w)] = [3{w')e{Fw,v) - f5{w)e{Fw',v), 

(ii) l3{w')e{Fw,v) - (3{w)e{Fw',v) = e{v,Fw)C{w,w')/2, 

(iii) h{[Fw',v],w) + h{[v,Fw],w') = h{'D^{Fw),w') - h{I)^{Fw'),w). 

Applying d^ to (13. 2. i) and using (8.1. a) along with (S.l.c) and the Leibniz rule, we sec that 
the difference of the right-hand sides in (iii) and (i) is 2({w,w')[dvlF} + lF}a{v)]. Thus, by 
(i) — (iii), the expression (13.5) is equal to twice the right-hand side of (ii), plus the difference 
just mentioned, that is, to C{w,w')[2d^lFj + 2lFja{v)-e{Fw,v)], and (13.3. c) follows. (Note 
that (^{w,w') does not change when the pair (w,w') is replaced with (w + Fw,w' + Fw'), 
since Fw and Fw' are sections of V = Keri^, cf. (13.1) and (S.l.h).) 

Next, for sections v of V, we have a{v) = a{v) (see the definition of the 1-form a in 
Section 10). This is consistent with (13.3.b) in view of (13.1) and (8.2.ii), since V is /i-null. 
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Similarly, a(w) = 2^{C,w)^ where w = w + Fw and w is any section of Ti. (By (S.l.h), 
C,w = Qw.) Now (13.3.C) for v = (w, (S.l.g) and (S.l.f) give (13.3.b). 

Finally, (13. 3. d) is immediate from Lemma ll.l(ii) applied to both TC and Ti = TC + F 
(where, in the latter case, w, w', w" are replaced by w = w + Fw, w' = w' + Fw' and w" = 
w'+Fw"), along with (a), (13.1), (10.1) and Remark 3.1. As before, (^(w',w") = C,{w',w"). □ 

In a basic octuple (M, V, D, /i, a, /3, ("), the 2-form C, treated as a morphism TM TM 
(cf. (8.2)) is a section of T according to (13.1) and (8.2). By (13. 2. i), [(^] = 1. Any function 
/ : M — ]R thus gives rise to the section F = f( of JT, with [/CI = /■ 

Consequently, every section of can be uniquely written as F-\-f(, where / : M — IR and 
F is a section of with |F] = 0. Given two horizontal distributions H and H = H+{F-\-fQ, 
where |F| = 0, relations (13.3.b) and (13. 3. c) now yield 

i) a = a-2d^^.)f-WfP + h{Fw,-), 
^ ' ii) l{v) = j{v) - d,f - 2fa{v) + 9{Fw, v)/2 

for any section v of V. In fact, (10.4) and (13. 2. i) give [F*a]{w) = a{Fw) = h{Fw,w) = 
h{Fw, w) for any vector field w, if [FJ = 0. Thus, 

(13.7) F*a = h{Fw, •) for sections F of J" with [F] = 0. 

On the other hand, by (10. 5. i), C*a = 2/3 and h{Cw, ■ ) = -2/3, while (8.1.f) and (10.4) imply 
that e{Cw,v)/2 = -h{v,w) = -a{v). 

14. The first three conditions in Theorem 12.2 

Let us fix a basic octuple (M, V, D, h, a, /?, 9, Q and a real constant K. 

Given a horizontal distribution Ti. for {M,V.,J^,h,a, 0,6,(^), we denote by QjV, R,a,d 
and w the corresponding objects described in Section 10. Setting S{u,v,w) = R{w,u)v — 
Kh{v,w)u for sections u,v of V and a vector field w, we obtain a section S of the vector 
bundle Hom(V (g) V (g) rM,TM) over M. We also define sections B of [T*M]^^ and of 
H*,hj B = d/3 -\- 2P A a -\- KC/2 and e{w)e{u,v) = ['VwO]{u,v) + 2a{w)e{u,v), for sections 
w of H and u, v of V. Obviously, E, B and depend on H, and is well defined, since 
V^^ is trivialized by 6. 

Conditions (a), (b) and (c) in Theorem 12.2 amount, respectively, to = 0, B = 
and = 0. (See Remark 14.1 below.) The simultaneous vanishing of H,B and is a 
special property of 7{. To determine which choices of 7{ have this property, wc first describe 
the transformations that S, B and O undergo when 7i is replaced by another horizontal 
distribution Ti. As pointed out in Section 13, Ti is always the result of adding to a section 
of T. Writing an arbitrary section of T uniquely as F + f( with [[F| = and / : M — > ]R 
(cf. the end of Section 13), and denoting by S,B and the analogues of H,B and for 
the new horizontal distribution H = Ti. -\- {F -\- fQ, we have, as shown in the next section, 

a) E = H-IPF, 

(14.1) b) B = B-2(3A[2d^^.)f-hiFw,-)], 

c) e{w) = 0{w) + div^(Fu;) - Ad^^f - 2Aff3{w) + 3h{Fw,w). 

Here ci^(.)/ is defined as in Lemma 13.1, JPF is given by 

(14.2) {lPF){u,v,w) = BuBy{Fw) - l3{w)e{Fiju,u)v + 'Du[e{Fw,v)Cw]/2 
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for any V-projectablc vector field w and V-parallel sections u,v of V, while, in (14.1.c), w 
stands for an arbitrary section of H and w = w + {F + fQw. (Thus, w is a section of H.) 
Finally, the V-divergence div^u : M —> JR of any section u of V is the (pointwise) trace of 
the bundle morphism Du : V ^ V sending each section of V to DyU, cf. Section 7. 

Remark 14.1. For {M,V,D,h,a,P,9,(), H and K as above, the condition H = is equiv- 
alent to vanishing of S{u, v, w) whenever n, v are sections of V, while w, rather than being 
an arbitrary vector field on AI, is assumed to be a section of 7i. In fact, as V is /i-null. 
Lemma ll.l(i) gives S{u,v,w) =0 if u,v,w arc sections of V. 

Example 14.2. For the basic octuple {M,V,D,h,a, (3,9,(^) associated, as in Section 9, with 
a fixed two-plane system (S, ^, r, 11, c, let TC be the horizontal distribution appearing in 
Lemma 11.2, and let K he a real constant. The objects H,B and then are given by 

(14.3) S{u,v,w) = -Kn{Yu„v)u, B = K(p-^(, A t , = 0, 

where Yyj = ^{w)X + t{w)c and X is the radial vector field on 11, while (14.2) takes the form 

i) {lPF){u,v,w) = BuiH^w) - ^{w)f2{FiB,u)v, with 
^ ' ii) H^w = B^{Fw) - f2{FiD,v)Y^. 

To justify (14.3) and (14.4), first note that S{u,v,w) = —Kh{v,w)u = —Kf2{Yyj,v)u by 
(9.1). Next, as an immediate consequence of (9.2), if is a section of V, 

(14.5) i) (t) = f2{X,c), ii) ducf) = f2{u,c), iii) dc</) = 0. 
On the other hand, (9.1), (14. 5. i) and (S.l.ii) give 

(14.6) h{c,w) = ^{w)(j), h{X,w) = -T{w)(p, h(Y^,w') = At){w,w') 
for sections w of H. Furthermore, for such w, 

(14.7) a) /3 = 0-2^, b) e = (l)^0, c) C = 20"^^Ar, d) Cw = -2<p-^Y^, 

where the first three equalities are obvious from (9.2), (8.4), and the definition of 9 in Sec- 
tion 10, while the last one is easily verified by taking the y-inner products of both sides with 
any section w' of H, and using (14.7.c) along with the last formula in (14.6). 

Also, a = — d log (p, as both sides agree on V (by (9.2) and (8.4)), and vanish on Ti. (due to 
the definition of a in Section 10, where 7 = 0, cf. Lemma 11.2). Since dS, = 0, (14. 7. a) thus 
yields d/? + 2/3 A a = 0, and so B = K(/2 = Kcp'^^ A r (see (14.7.c)), as required in (14.3). 
The relation 7 = in Lemma 11.2, combined with (12.1), implies in turn the last equality in 
(14.3). Now (14.2) and (14.7) give (14.4). 

In addition, for w and u as in (10.4) and Remark 8.3 we have, in this case, 

(14.8) a) ^{W) = 0, b) r(u;) = (^-\ c) (H) = d) u = (t)-\. 

In fact, = by (14.7.a) and (10.5.ii), while (13.2.ii) with ^ = r, (14.7.a), (14.7.c) and 

(3.1.ii) yield t{w) = (f)"^, and, as 1^ = ^{w)X + t{w)c, the third equality is immediate from 
the first two and (14. 7. d). Finally, h{(j)~^c, ■) = (3 by (14.7. a), the first formula in (14.6), and 
(9.1. a), so that (14.8.d) follows. 
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15. Proof of (14.1) 

Equality (14.1.b) is obvious from (13. 6.1), since B — B = 2j3 h {a — a) due to the fact that /3 
and C do not depend on TL. 

We now establish (14.1. a), assuming that u,v are V-parallel sections of V (cf. (7.2)), while 
w, in addition to being V-projectable, is a section of V or a section of Ti.. In the former case, 
both sides equal 0. Namely, Remark 14.1 then shows that S(u,v,w) = for any choice of 
a horizontal distribution, including S{u,v,w) = for H, while {IPF){u,v,w) = by (14.2) 
since, for sections w of V, (13.1) and (8.2.h) yield Fw = (w = and P{w) = 0. 

In the latter case, where w is a section of H, the relation H = H -\- {F -\- fQ Implies 
that w = w -\- {F + fC)w is a V-projcctable section of Ti, and, according to the preceding 
paragraph, S{u,v,w) = S{u,v,w). Let us now evaluate S(u,v,w) (or, S{u,v,w)) with the 
aid of the equality R{w,u)v = Du[w,v] + 2(j{w)'^{u)v — 'Du[l{v)C,w\ in Lemma ll.l(iii) (or, 
respectively, its analogue for H). Since I3{w) = P(w) and (w = Cw, cf. (8.2.ii), we may thus 
express H{u,v,w) — S{u,v,w) = R{w,u)v — R{w,u)v as a sum of some terms containing 
F and some terms involving /. By (13.6.11), the former terms add up to {IPF){u,v,w). 
(Since v is V-parallel, [w,v] — [w,v] = Dy[{F + f(^)w].) On the other hand, the sum S of 
the latter terms is zero. Namely, (13.6.11) gives S = D„D^(/^i(;) + 2(3(w)[duf + 2fa{u)]v — 
{dudyf)Qw - 2{duf)a{v)Cw - 2f{du[a{v)]}Cw - [dj + 2fa{v)]T>u{Cw). (The last four terms 
arise when D„ is applied to —[d^f + 2fa{v)]C,w.) However, by the Leibniz rule, D„Di,(/(^tt;) = 
(dudvf)Cw + {duf)^viC''Jj) + {dvf)Du{Cw) + /DmDi)(C^)5 while, according to Remark 8.1 and 
(8.1.d), B^ByiCw) = 2I)u[aiv)Cw - (3{w)v] = 2{du[a{v)]}Cw + 2a{v)BuiCw) - Mu) Piw)v. 
The resulting cancellations show that S equals [Dy{(w) — 2a{v)(w -\- 2f3{w)v]duf , and so 
S = in view of Remark 8.1. This yields (14.1. a). 

To prove (14.1.c), let us fix V-parallel sections u,v of V and a V-projectable section w 
of H. Since V is torsionfree, the Leibniz rule gives [0{w) — 2a{w)]9{u,v) = [Vw9]{u,v) = 
d.w[0{u,v)] — 9{VuW,v) — 9{u,Vvw) — 6{[w,u],v) — 9{u, [w,v]). However, H = Ker^, cf. Sec- 
tion 10, so that VuW and VyW can be replaced here with their V components, equal, by 
(ll.l.b), to —j{u)(!^w and —^{v)(w. Consequently, —9{'VuW,v) — 9{u,\/yw)=^{u)9{(!^w,v) + 
j{v)9(u, (w) which, by Remark 3.4, equals ■j{(^w)9{u,v) = a{w)9{u,v)/2, as a{w) = 2'y{Qw) 
(see Section 10). Thus, 0{w)9(u, v) = du)[9{u, v)] + 9{[u, w],v) + 9(u, [v, w]) + 5a{w)9{u, v)/2. 

Suppose now that H = H -\- F, where F is an arbitrary section of J^, not necessarily one 
with IFJ = 0. For w = w + Fw, the preceding equality, applied to both Ti. and Ti, yields 
[(9(53) - e{w)]9{u,v) = dFu,[9{u,v)] + 9{[u, Fw],v) + 9{u, [v,Fw]) + 5[5(53) - aiw)]9{u,v)/2. 
As u and v arc V-parallel, [u,Fw] = Du{Fw) and [iaFu'] = Dy(Fw), so that Remark 3.3 
gives 9{[u,Fw],v) + 9{u,[v,Fw]) = [diy^ {Fw)]9{u,v). Hence, by (8.1.e), 0{w) - 0{w) = 
—2a{Fw) -\- div^{Fw) -\- 5 [5(5;) — a{w)]/2. Substituting for F, in this last equality, the sum 
F + f( with [FJ = 0, we obtain (14.1. c), as div^{Cw) = by Remark 8.1 and (8.1.g), 
and so div^[(F + fC)w] = div^{Fw) + d^^f, while (13.7) and (8.1.g) give a{{F + fC)w) = 
h{Fw,w) + 2f(3{w), and (13.6.1) with w = w -\- {F + fQw yields 5(5;) — a{w) = —2d(^yjf — 
10//3(w;) + h{Fw, w) + a{{F + fQw). 



16. Dimension of a solution space 

Let H be a horizontal distribution for a basic octuple (M, V, D, h, a, /3, 9, Q. 
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Formula (14.2) makes sense also when F, rather than being a section of J-", is just a section 
of the restriction of to a surface H' embedded in M and contained in a leaf of V. (In 
fact, (14.2) involves only covariant derivatives in directions tangent to V.) The kernel of 
the operator IP, acting on those sections F of the restriction of J- to 11' which satisfy the 
additional condition = 0, is at most eight-dimensional. 

To show this, we first observe that, if F is a section of with IFF = and |F] = 0, then 

i) h{B,{Fw),w') - hiB^iFw'),w) = 9{v, Fw)Ciw,w')/2, 
^ ii) hiFw,w') = h{Fw',w) , iii) e{Bu{Fw),v) = 9(p^{Fw),u) 

for any sections u,v of V and any V-projcctable local sections w, w' of Ti. 

Namely, (16.1.ii) is obvious from (13. 2. i), while (16.1.i) easily follows if we apply to 
(16.1.ii), use (8.1. a) along with the Leibniz rule, and then set = 6{v,Fw) in (13.2.ii). 
Finally, (16.1. iii) is immediate if one skcw-symmctrizes the right-hand side of (14.2) in u,v, 
assuming u,v to be V-parallcl (so that D„D^ = D^D^ as D is flat), and then uses (S.l.e) 
along with the Leibniz rule and Remark 8.1. 

Note that the assumption [F] = alone yields (16.1.ii) and (16.1.i), while Remark 3.3 
allows us to rewrite (16.1.iii) as div^^Fw) = 0, and (by (13.1) and (8.2.ii)) w,w' in (16.1 may 
equivalently be just any V-projectable local vector fields. 

Condition IFF = implies that F, restricted to any D -geodesic contained in 11', satisfies a 
system of second-order linear ordinary differential equations solved for the second derivatives. 
To make sense of Fw in this context, here and below we choose (f) as at the end of Section 8, 
thus getting Fw = (j)~^F^w, where (f)w is V-projectable by Lemma 10.1. Let us fix a point 
X € n'. Due to uniqueness of solutions, F is completely determined, on XT', by the pair (F, b) 
consisting of its value at x, still denoted by F, and its V-differential h at x. More precisely, 
F is a linear operator T-tx — »• Vx, and h may be treated as a bilinear mapping Vx x Hx — > Vx 
with b(v.2v) = Dy{Fw) (at x, for v,w as in (16.1)). Thus, solutions F to the equations 
IFF = and [F] = on 11' lead, at x, to pairs (F, b) which are vectors in a 12-dimensional 
space W. Rather than being arbitrary vectors in W, such (F, b) are subject to the additional 
constraints stemming from (16.1), which state that, for all v eVx and w,w' G Hx, 

i) h{b{v,w),w') - h(b{v,w'),w) = (f)-^e{v, F(f)w)C{w,w')/2, 
(16.2) ii) hlFw,w') = h{Fw',w), 

iii) 9{b{u,(j)iD),v) — 9{b{v,(f)W),u) = —h{F(f)w,w)9{u,v). 

We obtain (16. 2. iii) from (16.1. iii), the relation a = — d log (p on V (cf. Section 8), combined 
with Remark 3.4 for the expression a{u)9{F(f)w,v) (trilinear in u,F(t)w,v), and (13.7). Since 
4>w is V-projectable (see above), it is useful here to rewrite Fw as (p^^Fcpw. 

By assigning to a linear operator ^ : Ttx Vx the bilinear form on TCx that sends w,w' to 
(^w,w'), we obtain an isomorphism between the space of operators 7ix —>■ Vx and the space of 
bilinear forms Hx x Hx — H. (See (7.1).) We will say that a linear operator <P : Hx Vx is 
h-self-adjoint if it corresponds under this isomorphism to a form which is symmetric, that is, 
if {<Pw,w') = h{<Pw',w) for all w,w' G Hx- The space of ^-self-adjoint operators Hx — Vx 
is, obviously, three-dimensional. 

Denoting by W' the subspace of W formed by all {F,b) G W satisfying (16.2.ii) and 
(16. 2. i), we have dimW' = 9. In fact, the assignment {F,b) (F, 6), given by b{v,w) = 
b{v,w) — (l)~^9{v,F(f)w)(^w/4, is an isomorphism W ^ W sending W' onto the space of all 
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(F, 6) € W such that F and b(v, •) are /i-self-adjoint for every v G Vx, while the latter space 
is nine-dimensional (cf. the last paragraph). 

Finally, the three conditions (16.2) together define an eight-dimensional subspace of W. In 
fact, the subspace in question is the kernel of a linear functional on the space W" with dim W' = 
9. (Note that (16.2.iii) amounts to a single scalar equation, due to its skew-symmetry in u,v.) 
The functional in question is nonzero, since condition (16.2.iii) for (F, 6) € W is not a conse- 
quence of (16.2. i) and (16.2.ii). An example {F, b) proving the last claim may be defined as fol- 
lows. We choose F which is both /i-self-adjoint and such that h{F(pw^ w) ^ 0. In other words, 
<^w is not null for the symmetric bilinear form corresponding to F . Thus, (16.2.ii) holds. Then 
we set 6(ti, w) = (p^^O{v, F (pid) Qw / A, which clearly gives (16. 2. i). However, the left-hand side of 
(16.2.iii) equals here 1/4 times 9{u, F(j)W)9{C,iv,v) — 6{v, F(f)w)6{(w,u), which coincides with 
0{(^w, F(pw)0{u, v) /4 (from Remark 3.4 applied to the expression 9{u, F(/)W)9{Cw, v), trilinear 
in u,(^B,v). Now, by (11.2.ii), the left-hand side of (16.2.iii) is equal to —h{F(f)w,w)6{u,v)/2, 
and hence different from the right-hand side, due to our choice of F. 

17. Explicit solutions for a two-plane system 

Let K hea, fixed real constant. We will now describe the set of all horizontal distributions H, 
for any given basic octuple (M, V, D, ^, a, /?, ^, (^), which have the properties (a), (b) and (c) 
in Theorem 12.2. 

Our discussion is local. Theorem 9.2 thus allows us to fix a two-plane system (S, ^, r, IT, c, 17) 
and assume, without loss of generality, that (M, V, D, /i, a, /3, ^, Q is its associated basic oc- 
tuple. We denote by H. the horizontal distribution appearing in Lemma 11.2. Horizontal 
distributions Ti. satisfying (a) - (c) in Theorem 12.2, written as 7i = Ti -\- {F + f(), where F 
is a section of T with [[_F] = and / : M IR (see the end of Section 13), are characterized, 
according to Section 14, by simultaneous vanishing of S, B and O in (14.1), which is a system 
of three (usually nonhomogeneous) linear partial differential equations with the unknowns F 
and /. Specifically, H = is a second-order equation involving F only, 5 = is of first 
order in / and of order zero in F, while = is of first order in both / and F. By (14.1. a), 

= if and only if IPF = S (under the assumption that [F] = 0). 

In all three equations, only derivatives in H directions occur, so that we may fix y € S 
and restrict the unknowns / and F to the subset {y} x H+ pa H+, thus treating them as a 
function / : n+ JR and, respectively, 

(17.1) a linear operator w h- > Fw from S into the space of vector fields on H+, 

vector fields being identified with mappings H_|_ — > H. Here S is the translation vector space 
of S, canonically isomorphic both to T^S and to the fibre of H at any point of {y} x n+. 
The three equations, phrased in terms of such identifications, with fixed y, arc solved below. 
As before, X denotes the restriction to H^ of the radial vector field, Y^, = $,{w)X + t{w)c 
and S{u,v,w) = —Kf2{Yu;,v)u, cf. (14.3), while cj) : n+ (0, oo) is given by ^ = f2{X,c). 
The symbol FW stands for (f)~^F{(j)w). (By (14. 8. a) - (14. 8. b), or Lemma 10.1, is a 
V-projectable section of H, and may be identified with a constant vector field on S, so that 
this convention about the meaning of FW agrees with our previous usage, such as in (14.4).) 

Lemma 17.1. Among all operators (17.1), those with IFF = H and [F] = form an eight- 
dimensional affine space S containing F^ given by F^w = K^t{w)X/2. The translation 
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vector space S of S is the direct sum of three subspaces, of dimensions 2,3 and 3, consisting, 
respectively, of the operators F^, F^, F^^ sending w to 

(a) 2^{w)q — {dq4>) ^"^Yy, , for any constant vector field q on H, 

(b) (l)~^[^{w)\{X,X)c + t{w)\{c,c)X], for any constant symmetric 2-tensor field A on H, 

(c) (l)^^[fi{X, X)Yu, — 2 fi(Yw, X)X], for any constant symmetric 2-tensor field fi on 11. 

// F = F^ + F'' + F^ + F^, then (p^Fw = EX + Lc, where E = A(c, c) - 2/x(c, X) + K(tP'/2 
and L = ji{X,X) — f2{q,c). Finally, for any w,w' G S, 



(17.2) 



h{F^w,w') = -K<i?T{w)T{uj')/2, 

h{F''w,w') = 2f2{X,q)^{w)^{w') - n{q,c)[C{w)T{w') + Ciw')T{w)], 
h{F^w,w') = X{X,X)C{w)C{w') - X{c,c)t{w)t{w'), 
h{F^'w,w') = nlx,X)[^{w)T{w') + ^{w')T{w)]+2fx{c,X)T{w)T{w'). 



Proof. First, (14.6), (S.l.ii), (9.1) and (14.5.ii) yield (17.2). Hence (F^j = {Fij = {F^j = 
IF^J = due to (13. 2. i) and symmetry in w,w' of the right-hand sides in (17.2). 

Since ^{w) = 0, t{W) = and Yyj = (p~^c (see (14.8) and (9.1.c)), we have, by (14.5.ii), 



F^w = KX/2, Fiw = f2{c,q)(p-^c, F^W = X{c,c)(p-^X , 
F^'w = (/)-2[/i(X, X)c- 2ii{c, X)X] . 



We denote by H^iv, H^w, w or H^w the expression (14.4.ii) with F replaced by F^, F?, F^ 
or F^. Let S be the affine space of all operators (17.1) with IFF = S and |-F| = 0. 

Using (14.5) and noting that f2{X, c)v — [2{X, v)c = Q{v, c)X (see Remark 3.4), we obtain 
H^w = K[Q{v, c)t{w) - fi{X, v)^{w)/2]X. Now (14.4.i) and (17.3) combined with the equal- 
ity Q{u,v)X + Q{X,u)v = f2{X,v)u (immediate from Remark 3.4) yield IPF^ = S, with 
S{u,v,w) = -KQ{Y^,v)u. As = 0, it follows that G S. 

Furthermore, (14.5) gives H^w = f2{c,q)(p~'^^(w)v, and so IPF'^ = by (14.4.i) and (17.3). 

Next, H^w = 2(l)-'^^{w)X{v,X)c- (t)-^^{w)[\{c,c)f2{X,v)X + f2{v,c)X{X,X)c] by (14.5), 
as [2{X,c)v — {7{X,v)c = f2{v,c)X (see above). The relation IPF"^ = is now easily ver- 
ified using (14. 4. i) and (17.3) along with the equalities il(u,v)X + Q{X,u)v = f^{X,v)u, 
{du(t>)X - (j)u = f}{u,c)X + Q{c,X)u = Q{u,X)c (and hence Q{u,c)X{X,X) - 4)X{u,X) = 
Q{u,X)X{c,X)), f2{u,c)X{X,v)-(t)X{u,v) = Q{u,c)X{X,v) + Q{c,X)X{u,v) = X{c,v)Q{u,X) 
and X{c,c)Q{X,v) + X{c,v)Q{c,X) + X{c,c)Q{X,v) = 0, due to Remark 3.4 and (14.5.i). 

Similarly, Hiiw = 2(f)~'^T{tu)[ii{v,X)c — ^{v,c)X] — c/)'^ ^{X, X)^{w)v, since f2{X,v)c + 
n{v,c)X = /?(X,c)i;, which also gives n{X,v)fj.{c,X) + n{v,c)n{X,X) = Q{X,c)fi{v,X) = 
(piJ,{v,X). Therefore, IPF^^ = 0, in view of the relation f2{u,c)X — cpu = Q{u,X)c (see 
above) and two further equalities, which are its immediate consequences: fi{X,u)iJL{c,X) + 
f2{u, c) fi{X, X) = (pfi{c, X) and f]{u,c)fj,{v,X) = (j)jj,{u,v) + iJ,{c,v)f2{u,X). 

As established above, F'^, F^, F^ G S, where S is the translation vector space of S. The 
operators F'^, F^, F^ together span a vector space of dimension 8. In fact, assuming that 
[F^ + F^ + F^\(l) vanishes identically, we will show that q = and A = /x = 0. Namely, 
[Fi + F^ + F>'](t), as a function on 11+ valued in the space of operators E ^ H, is a polynomial 
of degree at most 3, with some homogeneous components H'^^^, i/'™, H'^'^^, jjcuh jggj-ggg 
0, 1,2,3. Clearly, H^^^w equals —dg4> times the constant term in 1^ = (,{w)X + t{w)c, that 
is, = H'^'^w = {dq(l))T{w)c. (Our assumption is that H"^^ = H^^ = iJ^^"^ = H"''^ = 0.) 
Hence dq4> = 0. Next, = H^™w = 2^{w)(t)q + t{w)X{c,c)X , and so g = due to linear 
independence of ^ and r. Similarly, H^^^w is the cubic term in 4>Ff^w, and, therefore. 
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= H^'^'^w = -^{w)ix{X,X)X, so that = 0. Thus, = and hence A = 0, as ^ and r 
are Hnearly independent. 

Consequently, dim 5 > 8, while dim 5 < 8 according to Section 16, which shows that S is 
both eight-dimensional and spanned by all F'^, F^, F^, completing the proof. □ 

Lemma 17.2. For F with IFF = S and {Fj = 0, written uniquely as F = F^+F''+F^+F^, 
cf. Lemma 17.1, and a function f : 11+ — > IR, the section F + fC, of T satisfies the conditions 
B = and = if and only if f = r<f + [A(c, X) - fi{X, X) - dq(f>] (f)/4 for some r G IR. 

Proof. By (14.1.b) with B = Kcp-^^Ar and /3 = (t>-^^ (cf. (14.3) and (14.7.a)), the condition 
5 = is equivalent to K^'^^ A r = 2^ A [2(?!)d^(.)/ - h{(f)FW, •)]. The formula for ^^FW 
in Lemma 17.1 gives h{(t)FW, ■) = - [A(c, c) - 2/i(c, X) + K(t?/2]T + [/i(X, X) - d,^]^, since 
h{X,-) = —(j)T and h{c, ■) = 4>^ (see (14.6)). Next, ^ A = — 2(/)~^(dc/)C A r, as one sees 

evaluating both sides on {W,w), for w and using (14.8). Thus, B = if and only if 

(17.4) 4dcf = [X{c,c)-2fi{c,X)]cl). 

Let us now assume (17.4). As -F = F^ + F'^ + F"^ + F^, the formulae in Lemma 17.1 easily 
yield cj)dW^{Fw) = [X{c, c) - 2n{c, X) + 3K<P'^/2]t{w) + [2X{c, X) - 3fi{X, X) - dg(j)]C{w) and 
3(j)hiFtD,w) = -3[\{c,c)-2n{c,X) + K(j)'^/2]T{w) + 3[i^{X,X)-dq(l)]^{w), while (14.7.d) and 
(14.7.a) give -40dc^/ = 8(t>-\dcf)Tiw)+8(t>-\dxfm^) and -24</.//3(u;) = -24/r'e(w^)- 
Adding the last four equalities side-by-side, and using the relation = (cf. (14.3)), we 
see that, by (14.1.c), 6* = if and only if 4(dx/ — 3/)(6^^ = 2dq(j) — X{c,X), or, cquiv- 
alently, 4dx(/0"^) = 2(j)-^dg(p - (j)-^X{c,X). (The tor ms involving t{w) add up to zero 
as a consequence of (17.4).) The system formed by this last equation and Adc{f<^~^) = 
(j)~'^X{c,c) — 2(j)~'^iJ,{c,X) (which is immediate from (17.4) and (14.5.iii)) determines the solu- 
tion /(/)~^ : n+ IR uniquely up to an additive constant. Our assertion now follows, since a 
solution may be defined by 4/0~^ = [A(c, X) - fi{X, X) - dq(l)](p~'^. □ 

18. The remaining condition in Theorem 12.2 

Suppose that {M,V,D,h,a, P,9X) and H are chosen as in Lemma 11.2, for a fixed two- 
plane system (S, ^, r, 11, c, f2), while ii' is a given real constant, F is a section of T, and the 
new horizontal distribution Tt = Tl + F satisfies conditions (a) - (c) in Theorem 12.2. Thus, 
F can be uniquely written as F = F^ + F*^ + F^ -|- F^^ -\- /C, with the summands defined 
as in Lemmas 17.1 and 17.2, and hence depending, for any fixed y € U, on the quadruple 
{q,X,ii,r) eVxJR, where V=Ux [n*]®^ x [n*]®^ (thus, dim F = 8). As {q,X,iJ.,r) varies 
with y, rather than being a single element of y x IR, it constitutes (V X IR)-valued function 
on some connected open set U in the affine plane S. 

Theorem 18.1. Under the above assumptions, given a G 11 with f]{a,c) = 1, condition (d) 
in Theorem, 12.2 is satisfi,ed by H = Ti + F if and only if, for some function s : U ^ IR, 

[2fii{X,X) - X2{X,X)]cj) = AXic,X)^i{X,X) - Mc,X)X{X,X) - 2K<p^'n{X,q) , 
^ Ai(c, X) + 2f2{X, q2) = An{q, X) + Q{X, a) - (^det^^A - s0, 

where X is the radial vector field on U and (j) = f2{X,c), as well as 

(18.2) Kf2{qi, c) + S2 = 2ii:A(c, q) + 8r. 

The subscripts denote here the partial derivatives with respect to the affine coordinates in 
S such that dy^ = ^ and dy"^ = r. 
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The symbol det^^A in (18.1) represents the function U ^ JR. assigning to y E U the ratio 
(det f2)'~^det A, in which A stands for the value of A at y, and the determinants of the bilinear 
forms X,f2e [n*]®^ are evaluated in any basis of U. Thus, by (14. 5. i), 

(18.3) [X{c,X)]^ - X{c,c)\{X,X) = -(fy^detoX, 

since one may use the basis c,X (even though it depends on a point of n_|_). 
A proof of Theorem 18.1 will be given in Sections 20 and 21. 

Theorem 18.2. Under the same hypotheses as above, the assignment {q, A, r) i-^ {q, A, n) 
defines a bijective correspondence between functions {q, X, fi,r) : U ^ V x JR satisfying condi- 
tions (18.1) - (18.2) for some s :U ^ M, and functions {q,X,fi) : U ^ V with 

[2fii{X,X) - A2(X,X)]</, = 4X{c,X)ti{X,X)-Mc,X)X{X,X)-2K(l>''n{X,q), 
Ai (c, c) + 2f2{c,q2)= Mq, c) - rl . 

Proof. As dc<^ = by (14.5.iii), applying dc to the second equality in (18.1) we see that (18.1) 
implies (18.4). Conversely, suppose that q, A, n satisfy (18.4) and a G 11 is a fixed vector with 
i7(a, c) = 1. For any y £T,, if ip denotes the restriction of the function Ai(c, X) + 2i7(X, (^2) — 
4//(g, X) — f2{X, a) + (f>dctQX to the set {y} x n_)_ C M (which we may identify with the 
second equality in (18.4) and (14.5. iii) give dcip = 0. Since -0 is a linear functional, (14.5.iii) 
implies that i/j = —scf) for some scalar s, depending on y, which yields the second relation 
in (18.1). Our assertion now follows, as q,X,fi uniquely determine s (and r) via the second 
equality in (18.1) and then, respectively, via (18.2). □ 

Example 18.3. Let us fix K eJR and a G 11 with I7(a, c) = 1. A solution (g, X, fi) : T, ^ V 
to (18.4) can obviously be defined by setting q = 0, fi = and choosing the real-valued 
component functions A(c, c), A(a, a), A(a, c) of A relative to the basis c, a of 11 in such a way 
that A(c, c) equals a constant minus the coordinate function y^, while A(a,a) and A(a, c) are 
arbitrary functions of y^. 

Remark 18.4. For X,iJ.:U^ [IT*]®^ as above, let 6 be the function on U valued in endo- 

morphisms of 11 which corresponds to A via i7, so that X{u,v) = f2{5u,v) for all u,v eH. 
Thus, X{c,X)n{X,X) - n{c,X)X{X,X) = fi{c,X)f2{X,6X) + fx{X,X)f2{SX,c). Hence 

(18.5) X{c,X)n{X,X) - n{c,X)X{X,X) = (l)fi{SX,X) 

by (19.5) with v = SX. This allows us to rewrite the first equality in (18.4) or (18.1) as 

(18.6) 2fii{X,X) - X2iX,X) = Afii6X,X) - 2K(t)n{X,q) . 

We also have 5 = i?^^A, meaning that S is, at each y E U, the composite of A and the inverse 
of f2, where the values of A and at y are treated as linear operators 11 — > H* sending u 
to A(u, •) and f2{u, •). Consequently, by (14. 5. i), equations (18.4) now take the form 

. . 2/xi(X, X) - X2{X, X) = Ai^{in-^X)X, X) - 2Kf2{X, c) 0{X, q) , 

^^''■'> X^{c,c)+2Q{c,q2) = Afi{q,c) - 1. 

Fixing a G n such that f2{a, c) = 1 and using it to represent q, X and f^ by their components 
fi{c,c), iJ.{a,a), fx{a,c), X{c,c), X{a,a), X{a,c), f2{c,q), f2{a,q) relative to the basis c,a of 11, 
which form an octuple of functions C/ ^ IR, we see that (18.7) (and, therefore, (18.4)) is 
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equivalent to the following system of four first-order quasi-linear partial differential equations 
with eight unknown real- valued functions of two real variables: 

2//i(c,c) - A2(c,c) = 4A(c, c)//(a, c) - 4//(c, c)A(a, c), 
, . 2//i(a, a) — A2(a, a) = 4A(a, c)fi{a, a) — 4/i(a, c) A(a, a) — 2Kf2{a, q) , 

^ ' ' 2/ii(a, c) — A2(a, c) = 4A(a, c)/u(a, c) — 4/i(c, c)A(a, a) — 2iir!7(c, gr), 

Ai(c, c) + 2f2{c, 52) = 4]7(a, q)iJ.{c, c) — 4i7(c, q)ii[a, c) — 1. 

The subscripts in /xi(c, c), i7(c, ^2); etc., stand for partial derivatives of ii{c,c) and f2{c,q). 

In fact, one obtains (18.8) by applying dcdc, dada and dcC^a to the first equality in (18.7) 
and noting that fJ-{q,c) = f2{a,c)fi{q,c) = f2{a,q)fj,{c,c) — f2{c,q)fi{a,c) (cf. Remark 3.4). 

19. Some lemmas 

Throughout this section we make the same assumptions as in Section 18, and w, w', w" always 
stand for constant vector fields on the affine plane S, treated also as V-projectable sections of 
Tl. As ^ and r are constant 1-forms on E, it follows that ^{w) , t{w) , t{w' ) , etc., are constant 
functions on M = S x 11+. Wc also set w = w + Fw. 

For i7 C S as in Section 18, let the functions Q, E, L, : U x n_|- — > IR be given by 

i) Q = X{X,X) + 2n{X,q), E = X{c,c)-2fi{c,X) + Kcpy2, 
^ ^ ii) L = fi{X,X) - f2{q,c), L^ = L±2f^-K 

Since F = -\- Pi -\- -\- Pi' + /C, Lemmas 17.1 - 17.2, (14.5) and (9.1.c) yield 

i) 2L+ = n{X, X) + A(c, X) - 3f2{q, c) + 4r02, 

ii) 2L- = 3M(X,X)-A(c,X)-r2(g,c)-4r,/.2, 

^ ' iii) (pFw = [Et{w) - L+C{w)]X + [L-t{w) + Q^{w)]c, 

iv) dpw'P = -Et(u;) — L^£^{w) . 

(By (14.5.i) and Remark 3.4, cf) = n{X,c) and n{q,c)X + n{X,q)c + n{c, X)q = 0, so that 
q = (t)-^n{q,c)X + (t)-^n{X,q)c, while (14.7.d) gives Qw = -2(/)-2y^.) Now, from (14.6), 

(19.3) h{Fw,w') = Q^{w)^{w') -\- L+^{w)t{w') -\- L-t{w)^{w') - Et{w)t{w'). 

Remark 19.1. Any degree A; homogeneous polynomial function on II, valued in an arbitrary 
finite-dimensional vector space, is 

(a) an eigenvector of dx for the eigenvalue k, 

(b) an eigenvector of dx — Id for the eigenvalue k — 1. 

(In fact, (b) is obvious from (a).) Examples of such functions include X (valued in II, with 
fc = 1), as well as the real- valued functions such as (j) 01c X{c,X) (with k = 1) and iJ,{X,X) 
(with A; = 2). Thus, for instance, dxcf) = (t>- 

Lemma 19.2. The Lie bracket [FwjFw'] equals A t){w,w') times 

[{2Q-dxQ)E + {2L--dxL-)L+-\-QdcL--L-dcQ]c+{EdxL+-L+dxE-\-L-dcL+-\-QdcE)X. 

Proof. We have 4)'^[Fw, Fw'] = [(j)Fw,(j)Fw'] - (j){dpy,(p)Fw' + (t>{dFw'<l>)Fw. By (19.2.iv), 
(19.2.iii) and (3.1.ii), the last two terms add up to {L+L- -\- EQ)[{^ At){w,w')]c. As [c,X] = 
dcX = c, our assertion follows if we evaluate [^Fii;, ^Fii;'] using (19.2.iii) and (3.1.ii). □ 

Lemma 19.3. The h-inner product h{\Fw',Fw"],w) equals ({w',w")/2 times 

[{2Q - dxQ)E + (2L- - dxL-)L+ + Q4^" - L-dcQU{w) 

+ {L+dxE -EdxL+- L-dcL+ - QdcE)T{w). 
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Proof. This is obvious from Lemma 19.2, (14.6) and (14. 7. c). □ 

As in the statement of Theorem 18.1, here and in the next section the subscripts ( )j, j = 1, 2, 
denote the directional derivatives in the directions of the constant vector fields dj on S form- 
ing the basis of S dual to the basis of S*. In other words, ( )j = d/dy^ for the affine 
coordinates with dy^ = ^ and dy^ = r. 

Remark 19.4. For any function x on S one has dii;[x(,{w')] — dwi[x(,{w)] = —X2{C^t){w,w') 
and dyj[xT{w')] - dw>[xT{w)] = xi{C ^ r){w,w'), since dx = XiC + X2T. (Cf. (3.1).) 

Lemma 19.5. The expression h{[w', Fw"],w) + h{[Fw',w"],w) equals {(^ A t)(w,w') times 
{L-l-Q2)i{w)-{Ei+L\)T{w), thatis, C{w',w")/2 times {L{-Q2)(l)i{w)-{Ei+L\)(t)T{w). 

Proof. Treating Fw' and {w,Fw'\ as functions ^ 11, we have [w^Fw'] = dw{Fiv'), so 
that, by (19.2.iv) and Remark 19.4, (j)[w,Fw'] + 4>[Fw,w'] = dw((j)Fw') — dwi{<t>Fw) equals 
(C A t){w,w') times (L7 - Q2)c + {Ei + L^)X. Now (14.5) and (14.7.c) yield our claim. □ 

Lemma 19.6. // w = w + Fw, then 

87(5}) = 2[3fii{X,X) -2X2iX,X) - 4n{X,q2) - n{q^,c) - Xi{c,X) - 4^''n](t>aw) 

+ 2[4fj.i{c,X) - fi2{X,X) +3n{q2,c) - \2{c,X) -2Xi{c,c) - 4(t>'^r2]Mw) 

+ [12/i(c, X)X{X, X) - 13A(c, X)n{X, X) + AK(l)'^n{X, q) + 12r(f)'^X{c, X)]C{w) 

+ [10n{q,c)fiiX,X) -2X{c,c)XiX,X) +3{X{c,X)f](iw) 

+ [8n{c,X)[2{X,q) - 24rJ7(g,c)02]^(u,) 

+ [4A(c, c)n{X, q) + n{q, c)A(c, XMiw) +2[f2iq, c)]^^^) 

+ [24r(/>V(c, X) - 2//(c, X) n{X, X) + K4?X{c, X)] t{w) 

+ [s^l{c,c)X{x,x) -^x{c,c)^l{x,x)\T{w) 

+ [2X{c,X)n{c,X) - 12rA(c,c)V^-6KI2(g,c)(/)2]T(u>) 

+ [l&^l{c,c)Q{X,q) - A(c,c)A(c,X) + 14r2(g, c)Ai(c,X)]r(w;) 

+ X{c,c)Q{q,c)T{w). 

Proof. As 7 = (see Lemma 11.2) and [w',w"] = 0, (13. 3. d) implies that ^{w)C,{w' ,w") 
equals the sum of the inner-product expressions appearing in Lemmas 19.3 and 19.5. Our 
assertion now follows from these two lemmas, (19.1.i), (19. 2. i), (19.2.ii) and Remark 19.1. (By 
Remark 19.1(b), 2Q ~ dxQ = 2Q{X,q) and 21' - dxL" = -f2{q,c) - Xic,X)/2.) □ 

For / as in Lemma 17.2, any fixed vector a G IT with i7(a, c) = 1, and any section v of V, 

a) Aj{v) = {E + K(t?/2) f}{X, v) - {L + 4.r<i?) f2{v, c) , 

b) <t)a{w) = (L + Ar(t)'^)^{w) - {E + K(I)^/2)t{w) , 

(19.4) c) a{w) + (l)~^dFw<t> = -2A^{w) - K(f)T{w)/2, for A = f^)''^ - 2r^, 

d) (j)-'^h{v, w) = d., [(p-^T{w) - 0-if?(X, a)i{w)] , 

e) (l)-^^{v) = d.,A + Kn{X,v)/4:, where A = /(p-^ - 2r(p. 

In fact, (13. 3. c) with with [FJ = / and 7 = (cf. Section 17 and Lemma 11.2) yields 
7(v) = _0(i^(/0-i) + {2{EX + L~c,v)/2, since Fw = (t)-^{EX + L'c) (from (19.2.iii) and 
(14.8)), while = f2 (by (14.7.b)), and a{v) = -4>~^dy(f) (see (8.4) and (9.2)). Thus, 

(14.5) and the formula for / in Lemma 17.2 yield 47(^7) = 2Ef2{X, v) - (21' + 8r(p^) f2{v, c) + 
[2ii{v,X) - X{c,v)](l). Relation (19.4. a), that is, vanishing of 47(1;) - {E + K(/)'^/2) f2{X,v) + 
(L + 4r0^)J7(f,c), is now immediate from (19.1.i), as (19.2.ii) gives 2L~ + 8r^^ = 3//(X, X) — 
A(c, X) - n{q, c) + 4r0^ while 

, . (t)X{c,v) = f2{v, c) A(c, X) + A(c, c) f2{X, v) , 

^ ^ <t)H{y, X) = /x(c, X) Q{X, v) + n{X, X) f2{v, c) , 



SELF-DUAL NEUTRAL EINSTEIN FOUR-MANIFOLDS 



33 



as a consequence of (14. 5. i) and Remark 3.4. 

Since a{w) = 2j{Cw) = 2^{Cw) (see Section 10, (13.1) and (S.l.h)), (19.4.b) follows from 
(19.4.a), (14.7.d), (9.1.c) and (14.5.i). 

Next, (19.4.b) and (19.2.iv) give [5(53) + 0-^^^^ = {L - L+ + 4r(l)'^)^{w) - Kcp'^riw) /2. 
As L-L+ = -2/0-1 (see (19.1.ii)), this equals -[2A^{w)+K(I)t{w)/2](I), which yields (19.4.c). 

Subtracting the left-hand side of (19.4. d) from its right-hand side, and evaluating the dif- 
ference with the aid of (14.5.ii) and (9.1), we obtain zero, since (14. 5. i) and Remark 3.4 give 
f2{v,c)Q{X,a) - f}{v,a)(t) = f}{v,X)Q{c,a) = f}{X,v). We thus obtain (19.4. d). 

Finally, using differentiation by parts and (14.5.ii), we obtain (jP'dyA = (pdy{(pA) — Q{v, c)(f)A, 
for A as in (19.4.e). Since, by Lemma 17.2 and (14.5. ii), 

(19.6) 4M = A(c, X) - /i(X, X) - f2{q, c) - Ar^'^, 

the preceding equality, (19. 4. a), (14.5.ii) and the formulae for E and L in (19.1) yield an 
expression for 4r/{v) — Acp'^dyA involving K,q,X,n,r and f2,c,X,4),v (but not f,Q,E,L or 
L='=), which equals K(lPf2{X,v) in view of (19.5). This proves (19.4.e). 

20. Proof of Theorem 18.1, first part 

We use the same assumptions and notations as at the beginning of Section 19. 
Condition (d) in Theorem 12.2 may be naturally split into two parts, which read 

(20.1) i) {d^ -\-2a A^){v,w) = h{v,w)/2, ii) {d^ -\- 2a A^){w,w') = 

for all sections w,w' of H and v of V, where w = w -\- Fw and w' = w' -\- Fw'. By (3.1), 

{d^+2aA^){v,w)-h{v,w)/2 = dy[^iw)]-2(l)-^{dy(l))^{w)-d,.jj^,[^iv)]-2^w^^ 

h{v,w)/2, since, according to Section 10, (8.4) and (9.2), a{v) = a{v) = —(p~^dv(j). Multiplied 

by 4>~'^, this becomes 

(20.2) dy[<p-^j{w)]-dii,[(p-^^iv)]-(f>-^ji[v,w])-2[aiw)+(f>-'^ 

where we have first rewritten (l)~'^d{i[^{v)] as d{i[(j)~'^'y{v)] + 2(p~^(dq,(j))j{v), using differenti- 
ation by parts, and then noted that d^jc/) = dyj^py^cf) = dpw^^- 

Lemma 20.1. For A given by (19.6) and a fixed vector o G II with Q{a,c) = 1, the 
expression (20.2), that is, [{d'^ + 2a A'^){v,w) — h{v,w)/2](f)^'^, is the result of applying d„ to 

on + {2cl))-'f2{X,a)^{w) - {2<P)-^t{w) - d^A + 2A^^{w) + K4>At{vu) 

^ ' +K[Q{X,q) + X{X,X)/A]i{w) - KQ{X,Fw/A) + K[^x{X,X) - \{c,X)]t{vu)/2. 

Proof. The first and last terms in (20.2) are the d^-images of the first three terms in (20.3), cf. 
(19.4. d). In the sum of the remaining three terms in (20.2), let us replace a{w) -\- <p~^dFw4> by 
the right-hand side of (19.4. c), by the right-hand side of (19.4.e), and 4>~'^l{[v,w]) 

by an analogous expression involving, instead of v, the section \v,w] of V (sec Remark 3.1). 
After rearranging terms and noting that K(j){dvA)T{w) = dy[K(f)AT{w)\ — KAQ{v, c)t{w) (cf. 
(14.5.ii)), the result is 

(20.4) -d^d^A - d[y^q,^A + AA{dyA)i{w) dy[K(t)AT{w)\ - dy[KQ{X,Fw/A)] 
plus, as explained next, K/A times 

(20.5) AA[Q{X,v)$,{w) - Q{v,c)t{w)]+ K4)^2{X,v)t{w) + 2Q{v,Fw). 
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Namely, the terms —K[f2{d;jjjX,v) + ^2{X,[v,'w])]/4:, originally present in the resulting ex- 
pression, can be rewritten as — dv[Kf2{X,Fw/A)] plus K/A times 2 f? {v, Fw), since [v,w] = 
[v, w + Fw] = [v, Fw] = dy{Fw), while d^X = v and dwX = dw+FwX = dpwX = Fw. 

As ~d,^dy — = —dydq,^ (20.4) is the d^-image of the sum of the fourth, fifth and sixth 

terms in (20.3) along with the middle term in the second line of (20.3). Next, cancelling the 
K factor in the second line in (20.3), minus the middle term, and then applying 4(i^, we get 

(20.6) [AQ{v, q) + 2\{v, X)]i{w) + [4/i(i;, X) - 2A(c, v)]t{w) , 

Therefore, our claim will follow if we show that (20.5) equals (20.6). To this end, let us rewrite 
(20.5), noting that AA = [X{c,X) - I^{X,X) - f2{q,c)](t)-^ - Arcf) (see (19.6)), and Fw, in 
f2{v,Fw), may be replaced by (/)~^ times the right-hand side of (19.2.iii). Substituting for 
the resulting occurrences of Q,E and the expressions in (19.1.1), (19. 2. i) and (19.2.ii), 
and using (19.5) along with the equalities X{c, X)f2{X,v) + X{X,X)f2{v,c) = X{v,X)(p and 
f2{v,c}f2(X,q) + Q{q,c)Q{v,X) = Q{v,q)(j), both of which immediate from (14.5.i) and Re- 
mark 3.4, we see that (20.5) in fact coincides with (20.6). □ 

In the whole discussion following (20.1), which includes Lemma 20.1 and its proof, we never 
made use of the fact that ^{w) is a specific function U x 11+ IR, given by the formula in 
Lemma 19.6. This now allows us to solve (20.1.i) as a system of differential equations imposed 
on 7({/;) treated ^yiw) as an arbitrary function. The only assumption made about '^{w) is 
that its dependence on w (via the relation w = w + Fw) should be valuewisc and linear, 
or, equivalently, 7(53) is a combination of ^{w) and t(w) with some coefficients which are 
functions on a connected open set in M. 

Lemma 20.2. Solving the system (20.1.i) for the unknown function ^{w), the dependence of 
which on w is valuewisc and linear, we obtain 

87(5;) = 2[Ai(c,X) - fii{X,X) - !^{q,,c) - Acl)^r,]^C{w) 
+ 2 [A2(c, X) - fi2{X, X) - Q{q2, c) - 4<j)''r2]4>T{w) 

+ [3X{c,X)fi{X,X) -4fi{c,X)X{X,X) - 4K4>'^n{X,q) + 12r(j)'^X{c,X)]^{w) 

+ [2Xic,c)XiX,X) - iXic,X)f - 6niq,c)iiiX,X)]aw) 

- [8n{c,X)f2{X,q) + 2Arf2{q,c)(l)'^ + A(t)f2{X,a) - As(t)'^]^{w) 

+ [4A(c, c) f2{X, q) + f2iq, c) A(c, X)] ^{w) + 2 [f2{q, c)]^ ^(w;) 
+ [24r0V(c,^) -2/x(c,X)/i(X,X) + K^^X{c,X)]t{w) 

+ [Xic,c)ii{X,X) +2X{c,X)n{c,X) - 12rX{c,c)(p'^ + 2Kn{q,c)(p'^ + 4t(i)^]Tiw) 
+ [4^ - A(c,c)A(c,X) -2n{q,c)n{c,X)]T{w) + X{c,c)f2{q,c)T{w), 

where a G H is fixed, with Q{a, c) = 1, and s, t are arbitrary functions defined on an open 
subset of T,, so that, as functions in M = S x n_|_, they are constant in the n+ direction. 

Proof. The dependence of 'y{w) on w is assumed to be valuewisc and linear. Thus, by 
Lemma 20.1, a function ^{w) is a solution to (20.1.i) if and only if (20.3) is constant in the 
n_|_ direction, that is, equal to [s^('u;) -|- tT{w)]/2 for some functions s,t defined on an open 
set in S. On the other hand, 8^^ times (20.3) equals 4[s^{w) + tT{w)](lP if and only if 87('u;) 
is given by the formula displayed in the lemma, as one easily verifies using the last identity in 
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Remark 19.4, for x = and (19.6), along with four equalities, justified below: 

a) 4(/.2d5,^ = MUUA) + [A(c, c) - 2/i(c, X)] [L-riw) + Q^iw)] 
+ [Q{q, c) - fiiX.. X) - Ar(i?] [Et{w) - L+^{w)], 

(20.7) b) 1602^2 ^ ^x{c, X) ~ fi{X, X) - n{q, c) - irc/)^]^, 

c) iK(l)A = K[\{c, X) - fi{X, X) - nlq, c) - ircp^] , 

d) K(j)Q{X, Fw) = K[L-t{w) + Q^{w)](t), 

and then replacing Q^E^L"^ by right-hand sides of (19.1.i), (19. 2. i) and (19.2.ii). 

Equalities in (20.7.b,c,d) are obvious: (20.7.b,c) from (19.6), and (20.7.d) from (19.2.iii) 
along with (14. 5. i). As for (20. 7. a), it follows since w = w + Fw and A(/)'^dFwA = d(pp-w{4:(/)A) — 
{4:(/)A)dFw4' (differentiation by parts), which, by (19.2), equals [Et{w) — L^^{w)] (dx—U){4:(j)A) 
plus [L-T{w) + Q^{w)]dci4:(pA), while (19.6) gives {dx -ld){i(t)A) = f2{q,c) - ii{X,X) - irct)"^ 
(see Remark 19.1(b)) and dd^A) = A(c,c) - 2/x(c,X) (of. (14.5.iii)). □ 

Remark 20.3. Conditions necessary and sufficient for equality of the right-hand sides of the 
two formulae for 8j{w), provided by Lemmas 19.6 and 20.2, can be described as follows. The 
coefficients of both ^(w) and t{w) in the two right-hand sides, when restricted to {y} x n_|_ ~ 
n_|_ for any given y G S, are cubic polynomial functions in IT, and so one may proceed by 
equating their cubic, quadratic, linear and constant homogeneous components. 

(a) Equality between the cubic or, respectively, quadratic homogeneous components of the 
coefficient of ^{w) is equivalent to the first or, respectively, second relation in (18.1), as 
one easily sees using (18.3) and noting that f2{q,c)fi{X,X)-\-^{c,X)f2{X,q) = iJ,{q,X)(f), 
in view of Remark 3.4 and (14. 5. i). 

(b) The quadratic or, respectively, linear homogeneous components of the coefficient of t(w) 
in the two right-hand sides are equal if and only if 

(20.8) [2fii{c,X) - A2(c,X)]0 = 2X{c,c)n{X,X) - 2n{c,c) X{X, X) + 2Kn{q,c)(j)'^ + tcj)'^, 

or, respectively, [Ai (c,c) +2[]{c,q2)]4> = ^l^{c,c)f2{X,q) +4f2{q,c)ij{c,X) — The last 
equation may also be rewritten as Ai(c, c) -\- 2f2{c,q2) = 4:fi{c,q) — 1, since, according to 
Remark 3.4 and (14. 5. i), 

(20.9) n{c,c)f2{X,q)-\-f2{q,c)n{c,X) = n{c,q)Q{X,c) = n{c,q)(f). 

(c) The corresponding equalities involving other homogeneous components of either coeffi- 
cient function are always satisfied. 

(d) Subtracting from (20.8) one-half of the equation obtained by applying dc to the first 
equality in (18.1), and using (14.5. iii), we get t = Kf2{c,q). Similarly, dc applied to the 
second equality in (18.1) yields Ai (c,c) -|- 2f2{c,q2) = 4/x(c, g) — 1. 

Lemma 20.4. Under the hypotheses of Theorem 18.1, condition (20.1.i) is satisfied by all 
sections w of H and v of V, with w = w -\- Fw, if and only if (18.1) holds for some 
function s : U ^ IR. 

Furthermore, the relations (18.1), for any specific function s, imply that 8^{w) is given by 
the formula in Lemma 20.2 with this s and t = Kf2{c,q). In addition, then 

[2fii{c,X) - \2ic,X)]<p = 2\{c,c)^^{X,X) - 2ix{c,c)\{X, X) + KQ{q,c)<P\ 
^^^•'^^ Ai (c,c) + 2Q{c,q2) = Mc,q) - 1- 

Proof. Condition (20.1.i) is clearly equivalent to equality of the right-hand sides in Lem- 
mas 19.6 and 20.2, for suitably chosen functions s,t : U ^ JR. Thus, according to Remark 20.3, 
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it implies (18.1), as well as (20.8), the second relation in (20.10), and the equality t = Kf2{c, q). 
Now (20.8) with t = KQ{c,q) yields the first relation in (20.10). 

Conversely, if (18.1) is satisfied. Remark 20.3(d) shows that, setting t = Kf2{c,q) we 
obtain all four equalities involving homogeneous components, mentioned in Remark 20.3(a), 
(b). Thus, the right-hand side in Lemma 19.6 coincides with that in Lemma 20.2. □ 

21. Proof of Theorem 18.1, second part 

In addition to the assumptions and notations adopted at the beginning of Section 19, we also 
assume, throughout this section, that condition (20.1.i) holds for all sections w of H and v of 
V. As before, w, w' will from now on stand for constant vector fields on E, while w = w + Fw 
and w' = w' + Fw'. The subscripts ( )j will again denote the partial derivatives relative to the 
affine coordinates with dy^ = ^ and dy^ = r. 

By Lemma 20.4, 8'y{w) is given by the formula in Lemma 20.2 with t = Kf2{c, q). Explicitly, 

(21.1) ^{w) = d^T + Gi{w) + Nt{w) , 

where the functions G,N and T = <j)'^A (cf. (19.6)) are defined by 

4(^-iT = A(c, X) - n{X, X) - Q{q, c) - 4(j)'^r, 

8G = 3A(c, X)fi{X, X) - 4fi{c, X) X{X, X) - 4K(I)'^Q{X, q) + 12r(f)'^X{c, X) 
+ 2A(c, c)X{X, X) - [A(c, X)]2 - 6n{q, c) /i(X, X) 
, . - S^i{c,X)Q{X,q) -2ArQ{q,c)(i)'^ - A(i)Q{X,a) + ^s(t? 

^ + A\{c,c)n{X,q)+Q{q,c)\{c,X)+2[Q{q,c)f, 

8N = 2Ar(l)'^ijL{c, X) - 2n{c, X) n{X, X) + K(t>^\{c, X) 

+ \{c,c)ii{X,X) + 2\{c,X)ii{c,X) ~ 12rA(c,c)02 - 2KQ{q,c)^'^ 
+ 4(6- A(c,c)A(c,X) -2Q{q,c)^jL{c,X) + \{c,c)Q{q,c) . 

Lemma 21.1. We have 2[{d'^f + 2a A'^f){w,w')](f) = [{^ At){w,w')]'iIj for all w and w', where 
: U X n_|_ — > IR is the function given by 

V = 2(iVi - G2)0 + 3(L + 4rcl>^){T2 + N) + 3{E + K<py2) (Ti + G) 
l^-L-^i + 2Qdc{T2 + N)- 2L~dc{Ti + G) - 2L+dx{T2 + N) - 2E dx{Ti + G). 

Proof. We begin by observing that 



i) 7(S) = (Ti + G)i{w) + (Ta + N)t{w), 

ii) 2'^{[w,w'])4> = [(e A t){w,w')][{L + 4r(/.2)(r2 + A^) + (^ + K<j)'^/2){Ti + G)]. 



Namely, (21. 4. i) is immediate from (21.1) and the last identity in Remark 19.4, for % = T. To 
prove (21.4. ii), let us note that, for any section v of V, (19.4. a) and (9.1) yield 47(1;) = h{v,w), 
for the unique section w of Ti. with $,{w) = E + K(fP'/2 and t{w) = L + Ar(f)'^. This may be 
applied to v = [w,iv'], as [10,11;'] = 0, and so Remark 3.1 implies that [{(3, -23'] = [w,Fw'] + 
[Fui,w'] + [F'w, Fw'] is a section of V (cf. (13.1)). Consequently, 4:'^{[w,w']) = h{[iv, Fw'],w)+ 
h([Fw,w'],w) + h{[Fvu, Fw'],w). Since 7 = (see Lemma 11.2) and [w,w'] = 0, (13. 3. d) for 
the triple {w,w,w') instead of {w,w',w") now gives 4j{[w,w']) = j{w + Fw)C{w,w'). Thus, 
(21.4.ii) follows from (21. 4. i), with w = w + Fw replaced hy w + Fw, and (14. 7. c). 

Next, 2(pdFu)['yiu'')] — '^4'dFw'['yiw)] is equal to {£,At){w,w') times the second line in (21.3). 
To see this, we express (j)dFw['y{w')] = d^Fwili^')] with the aid of (19.2.iii) and (21. 4. i), using 
the fact that ^{w),t{w),t{w'), etc., are constant on M = S x n+, while (^ At){w,w') is 
given by (3.1.ii). 
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Also, dwl'yiw')] — dw'l'yiw)] = {Ni — G2)[{S, /\t){w,w')]. In fact, setting % = 7(11;'), we get 
dwX = Xi^iw') + X2r{w') from Remark 19.4, while, by (21.4.i), Xj = {Tij + Gj)aw) + {T2j + 
Nj)T{w) for j = 1,2, and our claim follows from (S.l.ii), as T12 = T21. 



Finally, (19. 4. b), (21. 4. i) and (3.1.ii) imply that [{aA^){w,w')](l) equals {£,At){w,w') times 
(L + 4r(/.2) {T2 + N) + {E + K^y2) (Ti + G). 



Our assertion is now immediate from (3.1.iii) and the above equalities, including (21.4. i). □ 

The conclusion of Theorem 18.1 is a trivial consequence of the next result. In fact, of the 
two conditions (20.1.i) and (20.1.h), together constituting (d) in Theorem 12.2, the first holds, 
according to Lemma 20.4, if and only if (18.1) does. Under the assumption (20.1.i) (or, (18.1)), 
made throughout this section, (20.1.ii) amounts, by Lemma 21.1, to vanishing of tp in (21.3), 
while (21.5) shows that this is equivalent to (18.2). 

Theorem 21.2. The function ip in Lemma 21.1 can also be expressed as 



Proof. We need to evaluate the right-hand side of (21.3), replacing T, G, N (or, Q, E, L) with 
the expressions provided by (21.2) (or, (19.1)), and with the right-hand sides in (19. 2. i) - 
(19.2.ii). To make this task manageable, we note that the ingredients of (21.3), when restricted 
to {y} X n_|_ K, n_|_ for any given y G E, are polynomial functions in IT, of degrees which are, 
at most: one (for </>), two (for Q,E,L,L'^ as well as dc{T2 + N) and dc{Ti -\- G)), three (for 
A^i — G2 along with T2 + N, Ti + G and their dx-images), and, consequently, five for tp. 
Rather than describing tp directly, we will derive formulae for its homogeneous components 
^qnt^ ^qrt^ ^cuh^ ^q_dr^ ^iiii^ ^cst q£ (j^g^ees 5, 4, 3, 2, 1 and 0. The number or the resulting terms 

will be reduced, since some of them can be consolidated or eliminated due to the fact that 



where ... stands for T2 -|- A'^ or Ti + G, and each homogeneous component of dx{T2 + N) or 
dx{Ti -h G) equals the degree times T2 + N ov Ti + G (cf. Remark 19.1(b)). 

Proceeding as stated above, we will show that = ip'^^ = ip^^^ = V"^'* = '^P'^'^^ = 0, while 
^cub equals the right-hand side of (21.5). Specifically, 

^q'lt = 3(L + 4r</.2 - 2L+)'i'^'{T2 + iV)™^ - 3{E - Kd)^ /2)'^'^' {Ti + G)^"^, 
V^'^'^t = 3(L + Ar(p'^Y''\T2 + Nf-^ + 2>{E + Kcp"^ /2f''\Ti + Gf-^ - (2L-)^^t(ic[(Ti + Gf""] , 
^lin = 2{Ni - G2Y''^(p + (3L + 12r^2 _ 2L+Y''\T2 + Nf'' + {E + 3^^2/2)'=^* (Ti + Gf"" 
+ 3{E + if(/)72)""^(ri + G)"^^ + 2Q"°4[(r2 + AT)""^] 

- {2L- f-^d,[{Ti + Gf"^] - {2L-r'd,[{Ti + G)^'''], 
^qrt ^ 2{Ni - G2Y''^(p + (3L + 12r</.2 - 6L+y'"^{T2 -\- Nf''^ 

-f (3L + Urcp"^ - 4L+)i'i^(r2 N^^'' 

- 3{E - K(P'^/2f''{Ti + Gy^"^ -{E- ZK^'^ / 2)'^'^^ {T-^ + GY"^' 
+ 2Q'id'^dc[(r2 + Ar)'=^b] _ [2L-Y'^^dc[{Ti + G)^"^]. 



(21.5) 



iP = [2K\{c,q)+^r-KQ{qi,c)-S2](p^. 



(21.6) 



Q^^ = {L + Arcp'f'^ = [dx{...)r' = [4(-)]'"^ = 0. 
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As (L + 4r^2 _ 2L+)i^'' = {E - K<i? / 2)'^'^'' = 0, we thus have V''^''* = 0. To conclude that 
^cst^ y,iin g^j^^ y,qrt yanish as well, we use the relations 

8(r2 + = A(c, c) c) , 4(Ti + G)^^* = [f2{q, c)]^ 

8(T2 + Nf" = 2f2{c, q2)(t> + H- 2^?(^, c)/i(c, X) - A(c, c) A(c, X) , 
8(Ti + Gf'' = 2f}{c,qi)(t) + Q{q,c)\{c,X) + A\{c, c)f}{X, q), 

8(r2 + iV)^^'' = 2A2(c, X)^ + A(c, c)//(X, JSC) + 2A(c, X)//(c, X) -12rA(c, c)(/>2 - 2Kn{q, c)ct?, 
8(ri + 0)"^^' = 2Ai (c, X) </) + 2A(c, c) A(X, X) - [A(c, X)f -QQ{q, c) X) 

- Sn{c,X)Q{X,q)-2ArQ{q,c)4? -A4)Q{X,a)+As(t)'^, 

8{T2 + iV)™b = -2<))^j.2(X.. X) - 8r2(/.3 + 24r02/i(c, X) - 2/i(c, X) + X02A(c, X), 

8(ri +G)^"^ = -20/ii(X,X) -8ri03 + 3A(c,X)/x(X,X) - 4/x(c,X)A(X,X) 

- AK(t)'^n{X,q) + 12r(^2^(c,X). 

Since V''^* = -3I?(g, c) (r2 + iV)=^*+3A(c, c) (Ti + c)(ic[(2'i + G')'"^], and, by (14.5.iii), 

8dc[(ri + G)"°] = -3r2(g,c)A(c,c), we get V'^"* = 0. Also, one easily verifies that 

8(Ari - G2r* = /2(g,c)Ai(c,c) + A(c,c)r?(gi,c) - AQ{q,c)Q{q2,c), 
sINi - G2)"'' = 2fi{c, X) n{c, qi) - A(c, c) Ai (c, X) - A(c, X) Ai (c, c) 

- 2I?(g,c)/ii(c,X) -4A(c,c)I?(X,r?2) -4l2(X,g)A2(c,c) 
+ X{c,X)n{c,q2)-0{q,c)X2{c,X), 

8{Ni - G2)'^'^' = X{c,c)ni{X,X) + fi{X,X)Xi{c,c)+2X{c,X)ni{c,X) + 2tx{c,X)Xi{c,X) 

- 12X{c,c)<f>'^ri-l2r(f>'^Xi{c,c) - 2K<f>'^n{qi,c) - 2X{c, c) X2{X , X) -4(f>'^S2 

- 2A(X, X) A2 (c, c) + 2A(c,X) A2 (c,X) + 6f2{q, c) ^2 (X,X) + 6fi{X, X) l^fe , c) 
+ 8/i(c, X) f2(X, 92) + 8n{X, q)fi2{c, X) + 2A[2{q, c)4>'^r2 + 2Ar(t)'^ Q{q2, c), 

8(Ari - G2)""^ = 24r<^Vi(c,^) + 240V(c,^)ri - 2m(c, X)mi (X, X) 

- 2/x(X, X) ^1 (c, X) + K(i?Xi (c, X) - 3A(c, X) ^2 ^) 

- 3^(X,X)A2(c,X) +4^(c,X)A2(X,X) + 4A(X,X)//2(c,X) 
+ AKd)'^Q{X,q2) - 12r02A2(c,X) - 1202A(c, X)r2 . 

As (3L + 12r(/)^ — 2L+)^''* = 0, the above formula for if^™ gives 

i}''' = 2{Ni - G2T^4> + A(c, c) (Ti + - 6^(c, X) (Ti + G)^^* 

+ An{X,q)d,\{T2 + Nf^] + A(c,X)4[(Ti + Gf^] + Q{q,c)d,[{Ti + GY'''], 

so that Atf'''' = (t)Q{q,c)[Xi{c,c) + 2Q{c,q2) + 1] - 4r?(g, c) [//(c, c) l?(X, + J7(g, c)//(c, X)]. 
Thus, 4^""^ = <;iil2(g,c)[Ai(c,c)+2/2(c,g2)-4At(c,^)+l], since /x(c,c)i7(X,g)+r?(g,c)/x(c,X) = 
n{c,q) (see (20. 9)). The second equation in (20.10) now yields ip^™ = 0. Similarly, 

V-'i'^* = 2(Ari - G2)™^0 - 3A(c, X) (Ts + Ar)^"b + [^(X, X) + 4r02] (T2 + Ar)qdr 

+ 6^(c, X) (Ti + G)™^' + K<p\Ti + G)^'^'- 

+ 2A(X,X)4[(T2 + X)™b] + [4r^2 _ 3^(x,X)]4[(Ti + G)^"^], 
and so, by (18.3) and (14.5.iii), Atp^'^^ equals 

[2/x(X, X) + 8r(/)2 ] [2,/./ii (c, X) - 0A2 (c, X) - 2A(c, c) ^(X, X) + 2^(c, c) A(X, X) - i^I2(g, c) 0^ ] 

- 4//(c,X) [2(/)/xi (X,X) - (/)A2(X,X) - 4A(c,X)//(X,X) + 4//(c,X)A(X,X) + 2i^(^2^(X, q)] 
+ 2K<^3[;^^(g^ js^) + 2f2{X, q2) - n{X, a) + .^det^A + S(t>] 

- 8K(f>'^f2{X, q) /x(c, X) - 8K(f>'^f2{q, c) /x(X, X) . 

According to Lemma 20.4, we have (20.10) and (18.1). Thus, in the above expression, the first 
two lines vanish, while the third is equal to 8K^^fi{q,X). As Remark 3.4 and (14.5.i) give 

(21.7) X) = f2{X, q)fi{c, X) + n{q, c)/x(X, X) , 
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we see that V"'* = 0. Next, as before, by (21.6), V""^' equals 2(iVi - G2)"°0 phis 

(3L + 12r(/)2 - 4L+Y''\T2 + N)'f^' - {2L+ f''{T2 + N f + 3(L + 4r02^<5<i''(r2 + iV)^^* 

+ 3{E + if(^72)qd''(Ti + Oy^^ + 2Q"°4[(T2 + N)^'^'] + 2Qi'^'^4[(T2 + Nf""] 
- {2L-y^^dc[{Ti + G)^'^''] - (2L-)"°dc[(ri + - {2L-)i'^'dc[{Ti + 

which can easily be rewritten as 

V'^dr = 2(iVi - G2)"°(/> + 3f2{q, c) (Ta + A^)^^'- - A(c, X) (Ts + iV)"^ 

+ [3m(X, X) + 12r.^2] (j.^ + iV)^«t - A(c, c) (Ti + - 2m(c, X) (Ti + Gf^ 

+ 3K4>'^{Ti + GY'' + 4n{X,q)dc[{T2 + N)'i'^'] + 2X{X, X)dc[{T2 + Nf^] 

+ r2(g,c)4[(Ti + + A(c,X)4[(ri + + j4^^2 _ 3^(x,X)]4[(ri + Gf^]. 

Since i7(a,c) = 1, we thus obtain 

4V;'i^"- = f2{c, q) [20/xi (c, X) - A2 (c, X) - 2A(c, c) /x(X, X) + 2/x(c, c) A(X, X) - KQ{q, c) ] 

- 2(/.A(c, c) [Ai (c, X) + 2Q{X, ^2) - ^{X, a) + (?f)detfiA + s0] 
+ 8A(c, c) [r2(X, q)n{c, X) + c)//(X, X)] , 

where we have used (18.3) and formulae displayed earlier in the proof. Again, as Lemma 20.4 
yields (20.10) and (18.1), in the above equality the right-hand side of the first line vanishes, 
and the second line equals — 8^A(c, c)/i(g,X). Consequently, by (21.7), V'^'^'^ = 0- 
Finally, repeating the same steps for ■0^"'^, we verify that ij)'^^^ equals 

2{Ni - G2Y'^'ct) + 3{L + Arct)'^ - 2L+Y^\T2 + iV)^^^ + (3L + 12r(/>2 - 4L+)"°(r2 + N^'^' 
+ (3L + 12r(?!)2 - 2L+Y'^^{T2 + iV)"° - 3{E - K(t)'^/2)'^^{Ti + Gf"^ 
- {E- 3K(j)'^/2f''{Ti + GY'^' + {E + 3K(j)'^/2Y'^'iTi + G)'^° + 2Q^'''dc[{T2 + NY""^] 
+ 2Q'^'^'dc[{T2 + NY'^'] - [2L-f''dc[{Ti + G)^"*^] - {2L-Y'^' dc[(Ti + GY"^'], 

which we can again rewrite as 

y,cub ^ 2{Nx - G2Y'^'^ + 6^?(g, c) {T2 + NY""^ - 2A(c, X) {T2 + NY"^' 

+ [2;u(X, X) + 8r(/.2] (T2 + NY"" - 3A(c, c) (Ti + G)™^ + 2/i(c, X) (Ti + GY"^' 
+ 2/C,/.2(ri + GY'' + An{X,q)dc[{T2 + iV)^"b] ^ 2A(X,X)4[(T2 + NY'^'] 
+ A(c,X)4[(ri + G)^"b] ^ [4^^2 _ 3^(x,X)]de[(ri + G)i'i'^]. 

Consequently, 4'^'^"^ is equal to 

2A(c, c) [20/ii (X, X) - (/>A2(X, X) - 4A(c,X)/i(X, X) + 4/x(c,X)A(X, X) + 2K(t)'^f2{X, q)] 
+ 4 [2/i(X,X) + 8r(/.2] [^(c, c) r?(X, g) + Qiq, c)n{c, X)] 

- [2(/>/i(X,X) + 8r(/.3] [Ai (c,c) + 2!^{c,q2) + 1] 

+ 4(/>^(c,X)[Ai(c,X) + 2/?(X, ^2) - ^?(X, o) +(/>detfiA + s0] 

- 16fi{c, X) [^(c, X) f2(X, q) + //(X, X) f2(<7, c)] 

+ 4 [8r - KJ7(gi , c) - S2] (j)^ + 8i^(^2 [ ^^^^^^ x) + A(c, c) Q{X, q)] . 

Each of the six lines forming the above expression can now be evaluated as follows. The first 
line vanishes due to (18.1). The second and third lines add up to zero as a consequence of (20.9) 
and (18.4). Similarly, the fourth and fifth lines cancel each other in view of (18.1) and (19.5) for 
V = q. Next, again by (19.5) for v = q, the last line equals A[2KX{c,q)-\-8r — Kf2{qi,c) — S2](l)^, 
which completes the proof. □ 
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22. The local-structure theorem 

Given a two-plane system (E, ^, r, 11, c, f2) (see Section 9) and a real constant K, let us choose 
(M,V,D,h,a, P,6,Q and H as in Lemma 11.2. If (g, A,//) : [/ ^ V is a solution to (18.4), 
defined on a nonempty connected open set U C S, and {q,X,iJ,,r) corresponds to {q,X,iJ,) in 
the sense of Theorem 18.2, then, setting H = H + F for the section F = F^+F'^+F^+F^+fC 
of with F^, F'i, F^, and / given by the formulae in Lemmas 17.1 - 17.2, we obtain a 
new horizontal distribution ?i on U x n_|-, which gives rise to the neutral-signature metric g 
on the four-manifold U x II-i. characterized by (10.1) (for Ti. rather than Ti.). 

Theorem 22.1. Suppose that (S, ^, r, n, c, i?) is a fixed two-plane system and K eJR. 

(a) For any nonempty connected open set U C T, and any (g, A,/x) : U ^ V with (18.4), a 
suitable orientation of U xn_|_ makes g constructed above a strictly non-Walker self-dual 
neutral Einstein metric of Petrov type III with the scalar curvature 12K . 

(b) Conversely, in any strictly non-Walker self-dual neutral Einstein four-manifold {M,g) of 
Petrov type III with the scalar curvature 12K, every point has a neighborhood isometric 
to an open submanifold of {U x 11+,^^, where g is obtained as above using our fixed 
(S, ^, r, n, c, I?) and K along with some solution (g. A, /x) : U ^ V to (18.4). 

Proof. As {q,X,fj,,r) satisfies (18.1) - (18.2) (see Theorem 18.2), with some s : C/ -> IR 
and a € n such that Q{a,c) = 1, Theorem 18.1 implies condition (d) in Theorem 12.2 for 
Ti = Ti -\- F, while conditions (a) - (c) in Theorem 12.2, for H = 7i + F, are guaranteed by 
our use of the formulae in Lemmas 17.1 - 17.2 to define F (cf. Section 14). Assertion (a) now 
follows from Theorem 12.2. (That g represents the strictly non-Walker case is clear as /3 ^ 
everywhere, according to (14. 7. a).) 

Conversely, for {M,g) as in (b), {M,V,D,h,a, P,9,Q used in the above construction may 
be assumed, by Theorem 9.2, to coincide with the basic octuple that (M, g) gives rise to in 
Theorem 8.4. Under this identification g corresponds to a metric g on a connected open 
subset of E X n_|_ defined as in (10.1), that is, forming the unique total-metric extension of 
h such that Ti is ^-null, for TC associated with g as in Lemma 5.2. Denoting by Ti the 
horizontal distribution of Lemma 11.2, we have Ti = Ti + F for some section F of J-. (See 
Section 13.) Conditions (a) - (d) in Theorem 12.2 thus are satisfied by "H and g. The 
discussion at the beginning of Section 17, combined with Lemmas 17.1 and 17.2, now shows 
that F = F^ F'^ + F^ + Ff" + fC, with (g. A, fi, r) (depending on y G E) and / as in 
Lemmas 17.1 and 17.2. Theorems 18.1 and 18.2 now yield (18.4), completing the proof. □ 

Since the manifolds described in Theorem 22.1 are all curvature homogeneous (Remark 5.3), it 
is natural to ask if they must also be locally homogeneous. As the next result explicitly shows, 
this is not the case, and not all such manifolds are Ricci-flat. The latter conclusion answers a 
question raised by Di'az-Ramos, Garcfa-Rio and Vazquez- Lorenzo [7, Remark 3.5]. 

Theorem 22.2. For any given K G IR, applying Theorem 22.1(a) to {q,\,iJ,) : T, ^ V chosen 

as in Example 18.3 we obtain a strictly non-Walker self-dual neutral Einstein four-manifold of 
Petrov type III with the scalar curvature 12K , which is not locally homogeneous. 

Proof. In view of Theorem 22.1(a), we only need to verify that the resulting metric g on 
M = E X n_|_ is not locally homogeneous. This will clearly follow once we show that the 
function ^{u) : M ^ IR, constituting a local invariant of g (see the end of Remark 11.3), is 
nonconstant on {y} x 11+ for some y G E. 
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By (19.4.a) for v = u, (14.8.d) and (14.5.i), ^{u) = K + [A(c,c) - 2/x(c, X)]^-^. As 
A(c, c),/x(c, X) and (j? restricted to {y} x 11+ k. 11+ are homogeneous polynomial functions 
of degrees 0, 1 and 2, the restriction of 7(u) to {y} x n_|_ is nonconstant on {y} x 11+ for 
every y € S at which A(c, c) 7^ 0. However, our choice of (g, A, fi) gives A(c, c) 7^ at all y 
lying outside a specific line in the plane S, which completes the proof. □ 

In Theorem 22.2 we used some solutions of (18.4) to obtain examples of metrics with interesting 
geometric properties. A description of all solutions to (18.4) will be given in Section 25. 

23. The method of characteristics 

Given an open set U C IR^ with the Cartesian coordinates y^, and an open interval / C IR, 
let z -.U ^ I he the unknown function in a first-order quasi-linear equation 

(23.1) pzi -\- az2 = X, where zj = dz/dy-' and p,cr,x are functions of {y^,y^,z) e U x I. 

One solves (23.1) using the method of characteristics, based on the observation that a function 
z of the variables (y^, y^), defined on U and valued in /, satisfies (23.1) if and only if its 
graph surface in J7 x / is a union of integral curves of the vector field (p, a, x). 

Thus, if y G T for a curve T embedded in U, the operation of restricting functions to T 
is a bijective correspondence between germs at y of solutions z : U ^IR to (23.1) such that 

(23.2) the vector {p{y^,y'^, z),a{y^,y^, z)) at y, with z = z{y), is not tangent to T, 
and germs at y of functions z : T ^ I having the property (23.2). 

24. Connections in plane bundles over surfaces 

In this and the next sections, by a plane bundle (or, line bundle) we always mean a real vector 
bundle of fibre dimension 2 (or, respectively, 1). 

For a vector subbundle £ of a real vector bundle V over a manifold S, we denote by 
Hom(£,7^/>C) the vector bundle over S whose sections are bundle mophisms from V into the 
quotient bundle V/C The fundamental tensor of C relative to any given connection V in 
V is then defined to be the bundle mophism : TT, — > Hom(£,P/i2) assigning to a vector 
field u; on S the mophism £ VjC, that sends any section w of £ to the image of V^v 
under the quotient projection V VjC Note that is well defined in view of the Leibniz 
rule, and vanishes identically zero if and only if L is V-parallel. 

Lemma 24.1. If L is a line subbundle of a plane bundle V over a manifold S and V is 
a connection in V such that the fundamental tensor is nonzero everywhere in S, then 
Ker^'£ is a co dimension- one distribution on S. 

Proof. In fact, Hom(£,'P/£) then is a line bundle. □ 

Lemma 24.2. For a traceless endomorphism ^ of a two-dimensional real vector space, 

(i) $^ is a multiple of the identity, 

(ii) $ is diagonalizable and nonzero if and only if tr <I>^ > 0, 

(iii) the kernel of $ equals the image of $ if and only if ^ ^ and tr = 0. 

This is clear since, in some basis, $ is represented by one of the matrices 



'k 0" 




"0 -K 




"0 


1" 


-K 




K 











with K, G IR. 
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Given a plane bundle V over a surface U, let f2 be an SL {2, M)- structure in that is, a 
section of [T'*]^^ without zeros. If R is the curvature tensor of any connection V in P such 
that Vi7 = 0, then at each point y E U wc have tr ^ = and one of the three relations 
tri?2 > 0, tri?2 = and trii^ < g, meaning that the trace (in)equality in question is satisfied 
by the endomorphism Ry{w,w') of Vy (cf. (3.5)) with some, or any, basis w,w' of TyTi. We 
are going to consider the following conditions: 

i) Vi? = and tr > at each point of U, 

(24.1) ii) Vf2 = 0, while tr^^^Q ^nd Rj^O everywhere in U, 
iii) V^2 = and V is fiat, that is, R vanishes identically. 

Lemma 24.3. For U,V,f2,V and R as above, vector fields w,w' on U linearly independent 
at every point, and the corresponding bundle morphism R{w,w') -.V^V, cf. (3.5), 

(a) condition (24.1.i) holds if and only if V is the direct sum of two line subbundles C^, 

which are the eigenspace bundles of R(w,w'), 

(b) condition (24.1.ii) is equivalent to the existence of a line subbundle C of V which is 
both the kernel and the image of R{w,w'). 

Proof. The assertion is immediate from Lemma 24.2. □ 

In our subsequent discussion, (24.1.ii) will be coupled with the additional condition 

(24.2) the fundamental tensor of C relative to V is nonzero everywhere in U, 

where the fundamental tensor is defined at the beginning of this section, and C stands for the 
line subbundle of V characterized by Lemma 24.3(b). 

In the next lemma, general position means the same as in the third paragraph of the Intro- 
duction. Given a connection V in a plane bundle V over a surface U, with a fixed SL(2,]R)- 
structure O in V such that V/? = 0, local coordinates y^ in U, and local trivializing sections 
efe of V satisfying the condition f2 (61,62) = 1, we denote by IJ^ the corresponding compo- 
nent functions of V, characterized by V^Cfe = w^Vjf^ei (summation over repeated indices), for 
any vector field it; on S with the component functions w^. We continue Tising subscripts for 
partial derivatives, the only exceptions being the symbols e^, Tjj^ and Ri2k- 

Lemma 24.4. Suppose that a connection V in a plane bundle V with an SL (2, IR) -siraciwre 

Q over a surface U satisfies (24.1.i), or (24.1.ii) along with (24.2), or (24.1. iii). Then, at 
points in general position, locally, for some y^ and as above, V has one of the following 
descriptions, in which ipjX are functions of (y^, J/^) and p is a function of one real variable: 

(I) ^1 = e2x, = -r2\ = X2, = O and either 

(a) = -r^l = Vi, = O and = e^^^, or 

(b) = — r^2 is arbitrary, V^^ =p(y^)e~^^ and = 0, or 

(c) r^i = -Til = P{y^) - Xi, r^i is arbitrary, and T^^ = 0, 

(II) = = ^21 — ^22 — 0? while = — and T22 = — 121 are arbitrary, 
(III) Tj^ = for all j,k,l. 

Conversely, (I) - (III) easily imply (24.1. i), or (24.1.ii) and (24.2), or (24.1. iii). 

The descriptions in (I) - (III) and the three cases in (24.1) are related as follows: (24.1.i) 
is realized by (I-a), (I-b) and (II); (24.1.ii) with (24.2) by (I-c); and (24.1. iii) by (III). 
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Proof. Obviously, (III) corresponds to (24.1.iii). From now on we assume (24.1.i), or (24.1.ii) 
with (24.2). Let (or, ^') be the fundamental tensor, relative to V, of the line subbundle 
£^ (or, jO) appearing in Lemma 24.3. 

If (24.1.i) holds and ^+ = ^'^ = everywhere in U, we obtain (II) by choosing ei and €2 
to be sections of and C~. Conversely, it is clear that (II) gives \I'^ = 0. 

The remaining case, in general position, means that we have either (24.1.i) and 7^ 
everywhere for some fixed sign ±, or (24.1. ii) and (24.2). If we unify the notation by setting 
^ = and C = for this sign it, then in both cases we may, locally, choose and such 
that 62 is a section of £ and Kei dy^ = Ker\I', cf. Lemma 24.1. The coordinate vector field 
82 thus spans the distribution Ker^', and so 1^2 = 0; while ^ 0. Let us change the sign of 

(or ei, or 62) if necessary, so as to make positive. Hence = ^"^^ ^^r a function %. By 
(3.4) with = and T^l = -V^2^ we now get = e-'^^Ri22- = 2x2 + - V^^ = 2(X2 - ^22)^ 
which yields the first line in (I). 

So far, ei and have been completely arbitrary except for the relations i7(ei, 62) = 1 and 
dy^ A dy'^ ^ 0. Each of the following four paragraphs begins with a specific general-position 
assumption, and uses some special choice of one or both of e\ and y^. 

If (24.1.ii) and (24.2) hold, choosing e\ so that it spans a line subbundle which is V-parallel 
along the y^ coordinate direction, we get I^^ = 0. Since 62 spans both the kernel and the 
image of R(di,d2) (see Lemma 24.3(b)), one has = Rui^ = (^11)2 — (121)1) which yields 
(I-c) as Til = -^22 = -X2. 

For the remainder of the proof, we assume (24.1.i) and choose ei to be a section of with 
the sign =F opposite to =b that was fixed earlier. If = identically, we obviously obtain 
(I-b) with p{y^) = 0. 

If, on the other hand, ^ everywhere and Ker^'^ = Ker*='=, so that I^^ = 0, we get, 
as before, F^^^ = e^^ for a function V and = er'^'f' Rui'^ = 2ip2 + - F2\ = 2(V'2 + Tg)- 
Hence ip2 = — 122 = ~X25 that is, 2tp = —2x + log p{y^) for some positive function p of one 
variable, which again gives (I-b). 

Finally, if 7^ and Ker is transverse to Ker everywhere in U, we choose with 
Ker dy'^ = Ker so that Fj^^^ = 0, while 121, being nonzero, may as before be assumed positive 
end hence equal to e'^'^ for some function tp. Now = e~^'^^i2i^ = F^\ — F]^| — 2-01 = 2(F^\— V^i), 
and (I-a) follows. □ 

25. Solutions to the system (18.4) 

We use the same assumptions and notations as at the beginning of Section 18 and in The- 
orem 18.1. The subscripts j = 1,2, stand, again, for the directional derivatives in the 
directions of the constant vector fields dj on E forming the basis of S dual to the basis ^, r 
of S*. In other words, ( )j = d/dy^ for the affine coordinates y^ with dy^ = ^ and dy'^ = r. 
Here E is the translation vector space of the affine plane S, and, as before, U denotes a 
nonempty connected open subset of S, while K is any given real constant. 

The area form f? G [H*]^^\ {0} gives rise to an isomorphic identification between the space 
sl(n) of all traceless endomorphisms of H and the space [H*]®^ of all symmetric bilinear 
forms on H, which associates with $ G sl(n) the form b sending tt, f G H to b(u,v) = 
f2(^u,v). (Symmetry of 6 is immediate from Remark 3.3.) Under this identification any 
function {q,X,iJ.) : U ^ V corresponds to a function {q,S,e) : [/" — > H x s[(n) x sl{Il). (As 
in Section 18, we set V = U x [H*]®^ x [H*]®^.) The functions S and e, taking values in 
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endomorphisms of 11, can be multiplied by each other and multiplied by functions U ^ H, 
in the sense of the valuewise operations of composing endomorphisms and evaluating them on 
vectors. Thus, for instance, the valuewise commutator [e,S] is a function U ^ s[(n). 

Lemma 25.1. A function (g, A, /it) : U ^ V satisfies (18.4) if and only if 

(25.1) i) 2ei- 62 = 2[e, 5]- Kn{c, ■)q- Kn{q, ■)c, ii) n{c,5ic - 2q2 - 'ieq) = 1 
for ((7,(5, e) corresponding to {q,X,n) as above. 

Proof. Let ^>L and $r be the left-hand and right-hand sides of (25.1.i). Also, let $ = 
^{c, •)q + i^{q, ■ )c. Both $l and $r are functions U — > 5[(n). (In fact, $ takes values in 
s[(n), since f2(^u,v) is symmetric in u,v e 11.) For the same reasons of symmetry, we have 
= if and only if f2{^i,X, X) = i7($RX, X), where X denotes, as usual, the radial vector 
field on U. Clearly, f2{^i^X,X) = 2^i(X,X)-A2(X,X), and, in view of (14.5.i), f2{<^X,X) = 
2(j)Q{X,q). On the other hand, by (18.5), the expression \{c, X) ^i{X , X) - fi{c, X) X{X, X), 
depending skew-symmetrically on A and /n, equals (pf^(e6X,X). In view of skew-symmetry, 
this is further equal to f2{[e,6]X, X)(j)/2. Hence (25.1.i) is equivalent the first equality in 
(18.4). Equivalence between (25.1.ii) and the second equality in (18.4) is in turn obvious from 
the definitions of § and e. □ 

Treating U X H as the total space of a product vector bundle V over U, we may view 
functions U ^ H (including the constant c) as sections of V, while f2 then becomes an 
SL(2,IR)-structure in V, cf. Section 24. 

Lemma 25.2. Functions (q, X, fi) : U V are in a natural bijective correspondence with pairs 
(g, V), in which q is a section of the plane bundle V = U xll with the SL{2, lR)-structure Q 
and V is a connection in V such that Vfi = 0. The correspondence associates with {q, A, n) 
the pair {q,V) obtained by treating q :U as a section of V and setting 

(25.2) Viv = vi+5v, V2V = V2 + 2ev 

for functions v : U ^ H, also viewed as sections of V, where {q, 6, e) is related to {q, A, n) as 
in the lines preceding Lemma 25.1, and Vj denotes the V-covariant derivative in the direction 
of the coordinate vector field dj on U. 

Proof. This is obvious, as the condition V/? = accounts for the fact that 5 and e take 
values in the space siijl) of traceless endomorphisms of 11. □ 

Lemma 25.3. For a function ((/, A,/i) :U ^V, condition (18.4) holds if and only if, in terms 
of the pair (g, V) corresponding to {q,X,fi) in the sense of Lemma 25.2, the curvature tensor 
R of V; and c,q treated as sections of V, 



with Vj and dj as in Lemma 25.2, so that R{d\,d2) is a morphism V ^V, cf. (3.5). 

Proof By (3.4) and (25.2), R{di,d2) = 52-2ex-2[e,5], Thus, (25.3.i) is equivalent to (25.1.i). 
Next, since c is constant, (25.2) gives Vic = (5c, ViVic = 5\c + and V2q = q2 + "^SQ- As 
6"^ takes values in multiples of the identity (see Lemma 24.2(i)), the left-hand side of (25.3.ii) 



(25.3) 



i) R{dud2)=Kf2{c,-)q + Kf2{q,-)c, 



ii) r2(c, ViVic - 2V2g) = 1, 



coincides with that of (25.1.ii). 



□ 
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Remark 25.4. Suppose that (25. 3. i) is satisfied by a connection V in a plane bundle V 
over a surface U, an SL(2, IR)-structure f2 in V with Vf2 = 0, the curvature tensor R of 
V, sections c and q oi V such that c has no zeros, some vector fields dj on U, linearly 
independent at every point, and a real constant K. Let y G U. 

(a) If c and Kq are linearly independent at y, they are eigenvectors of R{di,d2), acting in 
the fibre Vy, for the nonzero eigenvalues Kf2{q,c) and —Kf2(q,c) (at y). 

(b) If Kq, at y, is a nonzero multiple of c, then c spans, at j/, the kernel of R{di,d2) acting 
in Vy (which is at the same time its image). 

(c) If Kq = 0, at y, then R{di,d2) = 0, at y. 

(d) In case (a), or (b), or (c), we have at y, respectively, tr^^ > 0, or tr^^ = and -R 7^ 0, 
or ^ = 0. 

In fact, (a) - (c) are obvious, and (d) is immediate from Lemma 24.2. 

Lemma 25.5. Given U,V, f2,V, R,c,q, dj and K as in Remark 25.4, if conditions (24.1.ii) 
and (25.3) are both satisfied, and C is the line suhhundle of V appearing in Lemma 24.3(b), 
then the fundamental tensor of C relative to V, defined in Section 24, is nonzero at all points 
of a dense open subset of U. 

Proof. By (25. 3. i), c and q span the image of R{di,d2), so that they arc sections of C (cf. 
Lemma 24.3(b)). If £ were V-parallcl on some nonempty open set U' C U, then ViVic 
and would be sections of C as well, and so i7(c, ViVic — 2V2(?) would vanish on U', 
contradicting (25.3.ii). □ 

We will now describe all U, V, i7, V, R, c, q, dj and K with the properties listed in Remark 25.4, 
for which (25.3) holds. According to Lemma 25.3, this is equivalent to solving (18.4). (Since a 
quadruple {U, P, f2, c), having those of the properties just named that pertain just to U, P, fi 
and c, is, locally, unique up to structure-preserving bundle isomorphisms and diffeomorphisms 
of the base, it makes no difference whether we treat (C/, P, f2, c) as fixed, or allow it to vary.) 

First, let K = 0. Condition (25. 3. i) now amounts to flatness of V. If we fix an arbitrary 
flat connection V in P and choose, locally, a section a of P with f2{a,c) = 1, (25.3.ii) is 
equivalent to requiring that 2V2(? = a + xc + ViVic for some function With prescribed c 
(as well as a and x); this is a system of linear ordinary differential equations with parameters, 
and our task has been reduced to solving it for q, which is well understood. 

Therefore, from now on, K 0. We also make a general-position assumption: 

i) c and q are linearly independent at each point of U, or, 
(25.4) ii) q is, at every point, a nonzero multiple of c, or, finally, 

iii) q vanishes identically on U. 

In a dense open subset U' of U, one of (25. 4. i), (25.4.ii) and (25.4. iii) will clearly hold if we 
replace J7 by a suitable neighborhood of any given point of U'. 

Rather than dealing with the three possibilities in (25.4), we will consider those listed in 
(24.1). Namely, if (25.3) holds (which is what we want to achieve), each of the three hncs in 
(25.4) implies, according to Remark 25.4 and Lemma 24.3, the corresponding line in (24.1). In 
case (24.1.ii), we also assume (24.2), which, by Lemma 25.5, is a general-position version of a 
condition necessary for (25.3). 

To summarize, we now begin with a connection V in a plane bundle P over a surface U 
and an SL(2, IR)-structure n in P, which satisfy (24.1.i), or (24.1.ii) and (24.2), or (24.1.iii), 
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but are otherwise arbitrary. Locally, at points in general position, all such V and are 
described by Lemma 24.4. We may therefore proceed with the next step: finding all sections 
c and q o{ V with (25.3), such that c 7^ everywhere. 

In the cases (24.1.i) and (24.1.ii), let (or C) be as in Lemma 24.3. Choosing, locally, 
sections c of and q of C~ (or, sections c and q of C) without zeros, we easily see that 
-^(^1, 82) equals some function without zeros times the right-hand side of (25. 3. i). Multiplying 
c or g by a suitable function, we obtain (25. 3. i) for the new c and q. The choice of c and q 
that satisfies (25. 3. i) is not unique, as we are free to switch c with q, and/or use, instead of 
them, zc and z~^q, for any function z . U ^ JR without zeros. (In our discussion, U may 
be repeatedly replaced with smaller connected open sets, still denoted by U.) As (25. 3. i) is 
already satisfied, we just need to determine which functions z : [/ — > IR \ {0} lead to (25.3.ii) 
for zc and z^^q rather than c and q. Such z arc easily seen to be characterized by (23.1) 
with p = f2(c, Vic)z^, a = Q{c,q), x = [z- fi{c,Vi^ic)]z-^/2, I = (0, 00) or / = {-00, 0), and 
U treated as a connected open set in IR^, for which y^, serve as the Cartesian coordinates. 

Until now our discussion has covered both cases (24.1.i) and (24.1.ii). We now separate 
them, first assuming (24.1.i). As c = f2{c,q) is nonzero everywhere, we may fix y G J7 and 
choose the curve T with (23.2) to be a line segment in [7 C IR^ containing y and parallel 
to the y^ coordinate direction. As stated at the end of Section 23, germs at y of functions 
z : U ^ JR\ {0} leading to (25.3.ii) are in a natural bijective correspondence with germs at 
y of arbitrary nonzero functions on T, which concludes our description of solutions to (18.4) 
in the case (24.1.i). 

Next, suppose that (24.1.ii) and (24.2) are satisfied. Thus, a = fi{c,q) vanishes identically, 
while p = Q{c,Vic)z^, so that p 7^ by (24.2), as the values of z range over IR \ {0}. 
The transversality condition (23.2) then holds for T chosen to be a line segment through a 
given point y, parallel to the y"^ coordinate direction. Once again, germs at y of functions 
z -.U ^ IR\ {0} that lead to (25.3.ii) may be bijectively identified with germs at y of arbitrary 
functions T — >^ IR \ {0}. 

Finally, let us assume (24.1.iii), so that V is fiat. As K 7^ and we want c to have 
no zeros, (25. 3. i) can only be satisfied if g = identically. Condition (25.3.ii) with q = 
reads ]?(c, ViVic) = 1. Fixing, locally, V-parallel sections ei,e2 of V with i?(ei,e2) = 1 
and writing c = (Rcx)ei + (Imx)e2 for some unspecified function x '■ U ^ ^ ^ {0}, we get 
i7(c, ViVic) = (p^(Ti)i, where, locally, x = P^^'^ fo'^ real- valued functions p > and a. The 
resulting equation (p^o"i)i = 1 can be solved by repeated integration in the y^ direction, with 
any prescribed p. 

26. Final remarks 

Let (M, g) be a strictly non-Walker self-dual neutral Einstein four-manifold of Petrov type 
III. The geometry of g gives rise, at least locally, to further structures in M, with prop- 
erties arguably simpler than those assumed for g. One such structure is the basic octuple 
(M, V, D, /i, a, /3, 6, Q determined by (M, g) as in Theorem 8.4. A part of it is the affine foli- 
ation (V, D) on M, which allows us to identify M, locally, with the total space of an affine 
plane bundle A over a surface S (see Section 7). As in the proof of Theorem 9.2, setting 
J = 0^^(O), with (f) chosen as at the end of Section 8, we obtain an affine- line subbundle 
J of A, which is well defined, since 0, although nonunique, is nevertheless unique up to 
multiplication by functions S (0, 00). Denoting by V and C the vector bundles over S 
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associated with A and J', we may treat functions (p mentioned above as positive sections of 
the canonically-oriented hne bundle [V/C]*. The conclusions about constancy along V in (iii) 

at the end of Section 8 now allow us to treat f3, C and 6 as sections of the vector bundles 
T*S ® [T*S]^2 ^ ]j^m Q^]A2 ^ [p/£]®2)* Q^gj. (aU three pulled back, via the 

bundle projection M — > S, to the corresponding pullback bundles over M). Thus, (5 viewed 
as a valued 1-form on S distinguishes the one-dimensional distribution Ker/? on E. 

Despite being natural geometric invariants of 5, the objects just listed do not play a promi- 
nent role in our local-structure result (Theorem 22.1). On the contrary, most ingredients of the 
construction appearing in Theorem 22.1(a), such as the two-plane system (S, ^, r, 11, c, i7), can- 
not be canonically recovered from the resulting metric g. (The extent to which (E, ^, r, 11, c, Q) 
fails to be unique is made explicit in the proof of Theorem 9.2.) 

The ideal form of a structure theorem for a class of metrics would be one involving a con- 
struction that uses only natural invariants of the metrics in question. As explained above, for 
metrics discussed in this paper such a goal still appears elusive. 

References 

[1] Blazic, N., Bokan, N. and Rakic, Z. The first order PDE system for type III Osserman manifolds, Publ. Inst. 
Math. (Beogmd) (N.S.) 62(76), 113-119, (1997). 

[2] Brans, C. H. Complex 2-form representation of the Einstein equations: The Petrov type III solutions, / 
Math. Phys. 12, 1616-1619, (1971). 

[3] Calvifio-Louzao, E., Garcfa-Ri'o, E., Gilkey, P. B. and Vazquez-Lorenzo, R. A coordinate-free description of 
Osserman metrics and their relation with affine structures, in preparation. 

[4] Derdzinski, A. Curvature-homogeneous indefinite Einstein metrics in dimension four: the diagonalizable 
case. Recent Advances in Riemannian and Lorentzian Geometries, Baltimore, MD, 2003 (editors K. L. Duggal and 
R. Sharma), 21-38, Contemp. Math. 337, Amer. Math. Soc, Providence, RI, (2003). 

[5] Derdzinski, A. Connections with skew-symmetric Ricci tensor on surfaces. Results Math. , to appear. 

[6] Derdzinski, A. and Rotcr, W. Walker's theorem without coordinates, J. Math. Phys. 47, 062504, (2006). 

[7] Diaz-Ramos, J. C, Garcfa-Rfo, E. and Vazquez-Lorenzo, R. Four-dimensional Osserman metrics with non- 
diagonalizable Jacobi operators, J. Geom. Anal. 16, 39-52, (2006). 

[8] Dillen, F. J. E. and Verstraelen, L. C. A. (editors). Handbook of Differential Geometry, Vol. I. North-Holland, 

Amsterdam, (2000). 

[9] Garcfa-Rfo, E., Kupeli, D. N. and Vazquez-Lorenzo, R. Osserman Manifolds in Semi- Riemannian Geometry, 
Lecture Notes in Math. 1777, Springer, Berhn, (2002). 

[10] Gilkey, P. B. The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds, Imperial College Press, 
London, (2007). 

[11] Kobayashi, S. and Nomizu, K. Foundations of Differential Geometry, Vol.1, Wiley, New York, (1963). 

[12] Patterson, E. M. and Walker, A. G. Riemann extensions. Quart. J. Math. Oxford (Ser. 2) 3, 19-28, (1952). 

[13] Walker, A. G. Canonical form for a Riemannian space with a parallel field of null planes. Quart. J. Math. 
Oxford (Ser. 2) 1, 69-79, (1950). 



Department of Mathematics, The Ohio State University, Columbus, OH 43210, USA 
e-mail: andrzej@math.ohio-state.edu 



